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Abstract

The phase field method is playing an increasingly important role in understanding and
predicting morphological evolution in materials and biological systems. Here, we develop
a new analytical approach based on the bifurcation analysis to explore the mathematical
solution structure of phase field models. Revealing such solution structures not only is
of great mathematical interest but also may provide guidance to experimentally or com-
putationally uncover new morphological evolution phenomena in materials undergoing
electronic and structural phase transitions. To elucidate the idea, we apply this analytical
approach to three representative phase field equations: the Allen-Cahn equation, the Cahn-
Hilliard equation, and the Allen-Cahn-Ohta-Kawasaki system. The solution structures of
these three phase field equations are also verified numerically by the homotopy continua-
tion method.
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1 Introduction

The phase field approach is an important modeling tool for modeling interfacial evolution
problems in materials science and biological systems. It is rooted in the diffuse-interface
description of interfaces for fluid interfaces proposed by van der Waals more than a cen-
tury ago [64, 69]. The early applications of the diffuse-interface to superconducting phase
transitions and the compositional clustering and ordering in alloys led to the establishment
of well-known time-dependent Ginzburg-Landau (TDGL) equations [32, 68], the Cahn-
Hilliard (CH) [10, 11], and Allen-Cahn equations [9] which form the basis for the evo-
lution equations in the phase field method. The term “phase field” was coined in early
applications of diffuse-interface description to solidification and dendrite growth [6, 8,
27, 49, 50]. The generalization of the phase field to include both physical and artificial
fields to distinguish different phases has led to wide-spread applications of the phase field
method to modeling morphological and microstructure evolution in a wide variety of pro-
cesses beyond solidification in materials science [14, 16, 67], biology [78], fluid, and solid
mechanics [2, 7], etc.

In the phase field method, one introduces a labeling function, called the phase field,
¢ which for a two-phase system, is assigned a value (say, —1) for one phase, and another
value (say, +1) for the other. In the interfacial region, the phase field labeling function ¢
rapidly but smoothly transitions from —1 to 1. Meanwhile, the interface is tracked by a level
set, typically the O-level set, during the morphological evolution. The main advantage of
the phase field approach is that it can predict the evolution of arbitrary morphologies and
complex microstructures without explicitly tracking interfaces, and thereby easily handle
topological changes of interfaces.

Since the phase field method involves the numerical solutions to systems of partial
differential equations in time and space, there have been extensive efforts in developing
numerical methods for solving the phase field equations. For example, several classic
methods, such as explicit/implicit Euler methods, Crank-Nicolson and its variant, linear
multistep methods, and Runge-Kutta methods, have been considered for the time discre-
tization (see for example [1, 15, 25, 52, 66] and the references cited therein). For the spatial
discretization, methods, such as finite difference, finite element, discontinuous Galerkin,
and spectral approximation, are typical examples (see the recent review article [23] and
the references cited therein for more detailed discussion). Some stabilized schemes have
recently been developed based on the inheriting the energy dissipation law and phase field
gradient flow dynamics, including the convex splitting [26], linearly implicit stabilized
schemes [71, 72], exponential integrator [21, 24], invariant energy quadratization [75], and
scalar auxiliary variable schemes [65].

However, there are very limited studies to reveal the solution structure of phase field
models which is critical to understanding the models from a mathematical point of view
and to exploring the possible formation of novel morphological patterns. Solution struc-
tures of nonlinear differential equations have been well-studied by exploring bifurcations
[62] and multiple solutions [4]. Existing theories and numerical methods have contributed
to a better understanding of these solution structures and the relationship between solu-
tions and parameters [34]. For example, the Crandall-Rabinowitz theorem has been used to
theoretically study the bifurcations of nonlinear differential equations such as free bound-
ary problems [28-30, 76, 77]. Numerically, the homotopy continuation method [45, 54]
has been successfully employed to study parametric problems such as the bifurcation [62]
and the structural stability [63]. Recently, several numerical methods have been developed
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based on homotopy continuation methods for computing multiple solutions, steady states,
and bifurcation points of nonlinear PDEs [38, 40]. These numerical methods have been
also applied to hyperbolic conservation laws [41], physical systems [42, 43], and some
more complex free boundary problems arising from biology [36, 37].

In this paper, we develop an analytical framework to study the solution structure of
phase field models and apply it to three well-known phase field equations. In particular, we
study the solution structure of the Allen-Cahn equation in Sect. 3 and that of Cahn-Hillard
equation in Sect. 4. Finally in Sect. 5, we discuss the solution structure of the Allen-Cahn-
Ohta-Kawazaki (ACOK) system which is used to model the morphology of diblock copol-
ymer systems.

2 Bifurcation Analysis and Homotopy Tracking

The goal of this paper is to compute a global bifurcation diagram for various PDE models.
Our approach combines analytical and numerical methods. First, we analyze the bifurca-
tions of various phase field models from the trivial steady states by the Crandall-Rabinow-
itz theorem, then we numerically compute the global bifurcation diagram via homotopy
tracking. Generally speaking, we consider the following nonlinear operator:

Flx, u) =0,

where F(:, ) is a C? map, p > 1 from a real Banach space X to another real Banach space
Y, and p € R is a parameter. The bifurcation of x with respect to the parameter y can be
verified theoretically by the Crandall-Rabinowitz theorem [22].

Theorem 1 (Crandall-Rabinowitz theorem, [22]) Let X, Y be real Banach spaces and F{-, -)
be a C? map of a neighborhood (0, py) in X X R into Y. Denote by D,.F and D, F the first-
and second-order Fréchet derivatives, respectively. Assume the following four conditions
hold:

@O FO, u) =0 for all yin a neighborhood of p,

D) Ker D, FO0, uy) is a one-dimensional (1D) space, spanned by x,,,
) Im D, FO, uy) = Y, has codimension 1,

(IV) D, F(O, uy)xy & Y.

Then (0, y,) is a bifurcation point of the equation F(x, u) = 0 in the following sense: in a
neighborhood of (0, py), the set of solutions F(x, u) = 0 consists of two CP=2 smooth curves,
I') and T",, which intersect only at the point (0, u,); I, is the curve (0, u), and I'y can be
parameterized as

T, 2 (x(€), u(e)), le] is small, (x(0), u(0)) = (0, up), ¥'(0) = x;.

Although the bifurcation theory can help in some special cases, the in-depth study of
solution structures often requires numerical methods to derive bifurcation diagrams of
nonlinear systems. Generally speaking, the nonlinear operator  is approximated by F"
numerically (h refers to the mesh size of numerical discretization). Then the numerical
solution x" is computed by solving the following discretized nonlinear system:
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Fod ) =0, (1)

where 7" : R" x R — R" and x” is the variable vector that depends on the parameter u,
i.e., x = x"(u). Suppose we have a solution at the starting point, namely, x"(,) = x,, vari-
ous homotopy tracking algorithms can be used to compute the solution path [35, 45, 47],
x"(u). If 0 F'(x", u) is nonsingular, the solution path x”(x) is smooth and unique. How-
ever, when 0 _F"(x", i) becomes singular, the solution path hits the singularity and different
types of bifurcations are formed [44].

More specifically, the homotopy tracking algorithm consists of a predictor step and a
corrector step to solve the parametric problem. The predictor is to compute the solution at
Uy = My + Ap by setting

F'(xo + AX", py + Ap) = 0,
which, at the first order, yields an Euler predictor,
0, F" (xg, Ho)AX" = =0, F(xy, tg) A .

Then we apply the Newton corrector to refine the solution with an initial guess
= xy + Ax":

axfh(}h’/‘l)Axh = _ﬁl(fh,ﬂl),

and repeat ¥ = ¥ + Ax’ until &*, y,) is on the path, namely, 7", u,) = 0.

3 Bifurcation Analysis of Allen-Cahn Equation

In this and the following sections, we will consider two classical phase field equations: the
Allen-Cahn equation and the CH equation. As a mathematical convention, we take ¢ = +1
in two distinct phases, respectively. This is in contrast to the ACOK equation in Sect. 5, in
which we rather take ¢ = 0 or 1 in the two phases from physical perspective.

We consider the Allen-Cahn equation

%(X, 1) =eAp(x,1) — éW’(d)(x, 1), x€0,t>0. )

Here 2 =[-1,1]19,d = 1,2,3, and 0 < € < 1 is a parameter to control the width of the
interface. ¢ is a phase field labeling function which equals +1 in two distinct phases. The
function W(¢) = ‘1—‘(¢>2 — 1)?is a double well potential which enforces the phase field func-
tion ¢ to be equal to 1 inside the interface and —1 outside the interface. The Allen-Cahn

equation (2) can be viewed as the L? gradient flow dynamics for the Ginzburg-Landau free
energy functional

_ € 2 1
B = [ ($1V9F + 1w Jox. )

In the 1D case, the Ginzburg-Landau free energy reduces to

1
€ 2 1 2 2
[ (5@ + @ =17 s @
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and the associated Euler-Lagrange equation (steady-state Allen-Cahn equation) becomes

—e¢m+é(¢3—¢)=o, -1<x<1,

®)

3.1 Bifurcation Analysis

It is easy to verify that ¢ = ¢, = —1, 0, 1 are three trivial solutions of the steady-state sys-
tem (5). Besides these trivial solutions, we are more interested in non-trivial steady states,
which can bifurcate from the zero trivial steady state. More specifically, we consider the
following shifted system from ¢y,

_¢xx+€%[(¢+¢0)3_(¢+¢0)]=0, _1<X<1,
¢.(-1)=¢,(1)=0.

(6)

We can verify that ¢ = 0 is always a solution to the system (6).
Next, we consider the following Banach space:

X = (p(x) € C*[=1,1],p(~1) = ¢, (1) = 0} 7)
with the Holder norm

||u||Xl+u = “u”C’([—l,ll) + Ilrl}ﬁig |DﬂM|Ca(|_1,1])’

where [ > O is an integer, 0 < a < 1, and

] _ |u(x) — u(y)|
ca(=1,1]) = .
(=110 el x=y*

Taking
X — Xl+2+a and Y — Xl+0t (8)
in the Crandall-Rabinowitz theorem (Theorem 1), and defining an operator F as
1
Fig€) = =¢u+ 5@+ b))’ = (@ + dy)l. )
where € is the bifurcation parameter, we know that 7{(-, ¢) maps X into Y.
Since ¢ = 0 is always a solution to the system (6), F(0, ¢) = O for every €, and condition
(I) of the Crandall-Rabinowitz theorem (Theorem 1) is satisfied. To verify other condi-

tions, we need to compute the Fréchet derivative of the operator F, which is given in the
following lemma.

Lemma 1 The Fréchet derivative Dy F(¢, €) of the operator F is given by
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Dy P, )] =~ + 5136 + ) = £1. (10)
Proof By taking ¢, £ € X, we have
Flp+ ¢ €)= Fp,e) — D, F(, €)[¢]

B ?12[(¢+¢0+.»:)3 —(@+ Gy +8) = @+ d)’ + P+ dy) =3+ d) ¢ +¢]
_ iz.fz[g +3( + ).
€
Therefore,

17§ + &) = Fgh, ) = Dy F(, )élly N 58°1E+3( + po)llly

€1lx 11X
< lll§||§||§+3(¢+¢>o)lly S0,
e €l

as [|¢]ly — 0. Hence, D, F(¢, €) is the Fréchet derivative of F.
Given (10), we have by taking ¢ = 0 that
1
D, F0, e)[E] = =&, + ;(3%5 - ). (11)
For condition (IT) of the Crandall-Rabinowitz theorem, we need to analyze the structure

of Ker(D,F(0, €)) which is given by D, F(0, €)[€] = 0, £ € X. By (11), it is equivalent to
solve the following system:

1
— &t §(3¢§.§ -8 =0,

12)
&= =¢&()=0.
This system can be solved using an eigenfunction ansatz, i.e.,
E(x) =ay+ i a, cos(Lnx) + i b, sin(Lnx), (13)
n=1 n=1

where L is to be determined. By taking the derivative, we have

E(x)=— i a,Ln sin(Lnx) + i b, Ln cos(Lnx). (14)
n=1 n=1

The two boundary conditions, &,.(1) = 0 and £,.(—1) = 0, yield that either a, =0 or b, = 0.
If a, = 0, then Ln = g + (n — 1)x, hence

cf(x):a0+ibnsin((g+nn>x>; 15)
n=0

if b, = 0, then Ln = nxn, and we have
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[Se]

E(x) =ay+ Z a, cos(nmx) = Z a, cos(nmx). (16)
n=1

n=0

Next, we will determine the bifurcations with respect to ¢ by solving (12) with different
trivial solutions ¢,

3.1.1 Bifurcations Around ¢p, = 0

i S I — 1
Theorem 2 For each integer n > 0, €, Py

tem (6) such that there is a bifurcation solution (¢, (x, s), €,(s)) with

(1) . . . . _
(0,€,”) is a bifurcation point to the sys

€,(8) = e’(ll) +5,¢,(x,s) = ssin ((g + nn)x) + O(s?), where |s| < 1.

Proof We need to verify the four conditions of the Crandall-Rabinowitz theorem at
(0,¢). In this case, we use the Fourier expansion of &(x) in (15). When ¢, = 0, it follows
from (11) that

o ncion= 4 S [(5 eoe) - & s (3 4m)e)
n#0

= (1) = 1
If e €n n/2+nn

remain. Hence, we have

D, F(0, ) [bn sin ((g + mc)x)] =b, [(g + mt>2 - (521))72] sin ((g + mt)x) =0,

D, 0, éD)[E()] = _g + ibk [(g + kn>2 - (efg))—z] sin (3 +kx)x).
k=0
k#n

, the term with sin (('2—[ + nn)x) disappears while all the other terms

It follows from the above two equations that
Im D¢.7-'(0, efl”) = span{ 1, sin (gx>, .-, sin ((g +(n - l))x), sin <<g +(n+ l))x), },

and
Ker D, F(0, e) = span{ sin ((g + mt)x) },

which indicate that dim(Ker D, F (O, e,(ll))) =1and codim(Im D, F (0, e,(ll))) = 1. Finally,
by differentiating (11) with respect to €, substituting into ¢, = 0, and applying the operator
on sin ((g + mt)x), we obtain

D€¢.7-'(0, ezl)) [sin <<g + nn)x)] = 2(621))_3 sin ((g + mc)x) ¢ Im D¢.7-"(0, efll)).

Therefore, all four conditions of the Crandall-Rabinowitz theorem are satisfied, and the
proof is completed.
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In the similar manner, using the solution expression (16), we obtain the following result.

Theorem 3 For each integer n > 1 and 6’(12) -1, (0’ 6512)) is a bifurcation point to the sys-

tem (6) such that there is a bifurcation solutionn(nqﬁn(x, s), €,(s)) with

€,(s) = eflz) + 5, ¢,(x,5) = scos(nnx) + O(s?), where |s| < 1.

3.1.2 No Bifurcations Around ¢, = +1

When ¢, = x1, we derive from (11) that D, F(0, )[£] = =&, + 6%5. Letting it be equal to
0, we have

—f+=E=0,
€

We multiply both sides with & and integrate them over [—1, 1]. From integration by parts,
one can obtain
1
RIS
-1
which yields & = 0 in this case. Therefore, there are no bifurcation solutions around the
constant solutions ¢ = ¢, = +1. Alternatively, one can also use the Crandall-Rabinowitz

theorem to show that there are no bifurcation solutions. To this end, we substitute the solu-
tion expression (16) into D, F(0, €)[£] to obtain

2 ()
Dy F(0, e)[E(x)] = g + Z] a, [(mt)2 + é] cos(nmx).

The coefficients [(nr)? + 5_22] are always positive, so it is impossible to make any term of
cos(nmx) varnish. Therefore, we cannot find any value of € to meet the four conditions
of the Crandall-Rabinowitz theorem. The same conclusion holds if we use the solution
expression (15). Hence, it also proves that there are no bifurcation points around the con-
stant solutions ¢ = ¢, = +1.

3.2 Bifurcation Diagram

Guided by Theorems 2 and 3, we consider the bifurcation points along the trivial solution
branch ¢ = 0. First, we discretize the Allen-Cahn equation (5) using the finite difference
method, namely,

L+, =20
—W+é(¢?—¢ﬂ=0,0<i<N, (17)

where 4 = 2/N, N is the number of grid points, and ¢, is the numerical approximation of
¢(—1 + hi). Moreover, we introduce two ghost points to ensure the boundary condition,
namely, ¢_; = ¢, Py, = ¢y. By setting N = 200, we compute the bifurcation diagram of
the 1D Allen-Cahn equation via the homotopy tracking and show the results in Fig. 1 for
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1.0

0.5

o(-1)

-1.0 . I I I )
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

€

Fig. 1 The bifurcation diagram of the 1D Allen-Cahn equation v.s. € for n < 10

1 1 1
0 0 0
-1 -1 -1
-1 0 1 - 0 1 -1 0 1
1 1 0.5
0 0 0
-1 -1 -0.5
-1 0 1 - 0 1 0 1

Fig.2 The 12 non-trivial solutions of the 1D Allen-Cahn equation for ¢ = 0.1

n < 10. Note that the bifurcation points of the two eigenfunctions in (15) and (16) alternate
in the diagram.

For any given e, multiple solutions can be computed from the bifurcation diagram. For
instance, we have 12 non-trivial solutions for ¢ = 0.1 shown in Fig. 2.

4 CH Equation

Next, we consider the CH equation:

%(X, 1) =Aux,1),

. (18)
HOx 1) = —eAg(x, 1) + W 1),
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where u is the chemical potential of the system. CH equations arise as a phenomenological
model for isothermal phase separation and can be viewed as the H~! gradient flow dynam-
ics of the Ginzburg-Landau free energy (3). The 1D steady state system of the CH equation
reads

Hee =0,
~ bt (@ = ) = uo) (19)

o (=) =¢.x1)=0.

For simplicity, we only consider the case where u(x) = y, is a constant.
We start with finding trivial steady states ¢ = ¢, for the system (19). The trivial steady
state satisfies

b3 — o = mpe’. (20)

-2 2 2 i i = i i
It i < ppe” < e then (20) admits 3 real solutions. When g, = 0, the middle solution

is ¢y = 0; in addition, in the case where there are 3 real solutions, the middle solution takes
an approximation form as

b = Po(pg,€) =0— ﬂoez + 0(#364), 20

when |pye?| < 1.

The bifurcation analysis for the CH equation is similar to that for the Allen-Cahn
equation in the last section. To begin with, we shift the solution to (19) by letting
¢ = ¢ — oy, €). After dropping the "~ notation, we obtain the new system as

~ by + §[<¢ + Po(Ho» €0)” = (@ + bk, )] = Ho,
¢x(_1) = ¢x(l) =0.

(22)

Similar as in the last section, we set two Banach spaces in the Crandall-Rabinowitz theo-
rem as X = X" and ¥ = X"+, where the space X'+ is defined in (7). In addition, we
define the following operator:

€)=~ o+ 5 10+ Bolhy € = @ + byl )] = iy 23)
By Lemma 1, it is easy to compute the Fréchet derivative of 7—‘(¢, €),
D, F($. )&l = —&,, + G%B(qb + oo, €)% — £1. (24)

Noticing that de-—(qﬁ, €)[&] takes the same form as D¢f(¢, €)[£], the bifurcation analysis is
along similar lines. Since ¢ = 0 is always a solution to (22), we substitute ¢ = 0 in (24) to
obtain
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D, FO, e)[¢] = ~&,, + — [3¢o<uo, e)’E—¢l. 25)
If £(x) takes the form of (15), we have
~ 3 e —1
D, F0, e)[¢] =—¢°(”°€f) 4
- T 2 3¢0(ll0,€)2 1] T
+’§)bn <§+mc> +—€2 ]sm((z +mc>x>.

The term of sin ((g + nm)x) becomes zero if and only if

2 _
(Zemm) 4 2202 ], (26)

b =
hence we requ1re 3(],’)0(;40,5) —1<0. Combining with (20), we know that when
-3 \[ < yoe < \2[ the middle solution satisfies the condition 3¢ (y, € €)? — 1 < 0. There-

fore all the non -trivial solutions bifurcate from the middle solution when
~3 \[ < uoe < = \/% and in the following analysis, we use ¢,(4, €) to exclusively repre-

sent the middle solution.
To further locate the bifurcation points, we need to solve e from (26), and it is equivalent to
solve H,, (1, €) = 0, where

n>2 1 3¢o(uo,€) 27
€2

€2

H, (s, €) = (g +

For an integer n > 0, we denote the solution by € = ¢,. First, we consider the case when
Ho = 0, in which the middle solution ¢(0, €) = 0. Substituting it into (27), we derive the
solution to 'H,,(0, €) = 0 1is

0 1
€=¢€ = ———.
" m/2+nn

When p, # 0 and |y,| < 1, we have the approximation of ¢ (4, €) in (21). It yields from
combining (21) and (27) that

2
H, (g, €) = (E + mt) -1 + 3/4362 + O(u8€4). (28)
2 €2
Differentiating with respect to u], we get

H(O) 36#0
owy

when € # 0. Therefore, it follows from the implicit function theorem that, for each nonzero
Ho with |py] < 1, there exists a unique solution to ‘H,, (g, €) = 0; more specifically, the
solution is €, = e + 0(;40) which is close to e

Similar to the proof of Theorem 2, we can apply the Crandall-Rabinowitz theorem to
derive the following theorems for the system (19):
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Theorem 4 For a fixed g with |uy| < 1, and each integer n > 0, let €V = m O(u3).

Then ((]50(;40, er(ll)), 6’(11)) is a bifurcation point to the system (19), where ¢y(p, fll)) denotes
the middle solution of the equation (20). In addition, the bifurcation solution (¢, (x, s), €,(s))
can be represented by

€,(s) = efll) +5,¢,(x,5) = do(pps e,(ll)) + ssin <<g + nﬂ:)x) + O(s?), where |s| < 1.

Theorem 5 For a fixed py with |uy| < 1, and each integer n > 1, let 6(2) ==+ O(Mg).

Then ((]50(;40, 622)), e’(lz)) is a bifurcation point to the system (19), where ¢y(4, eflz)) denotes
the middle solution of the equation (20). In addition, the bifurcation solution (¢, (x, s), €,(s))
can be represented by

€,(s) = eflz) + 5, ¢,(x,8) = Py (g, eflz)) + s cos(nmx) + O(s%), where |s| < 1.

5 Binary System with Long-Range Interaction

In this section, we will apply the bifurcation analysis to some block copolymer system.
Performing the bifurcation analysis on such a system is challenging due to the nonlocal
feature introduced by the long-range interaction terms. We will begin with a brief intro-
duction on the background of block copolymer systems.

Block copolymers are chain molecules made by several different segment species.
It is called diblock copolymer system when it contains two species, say A and B; it is
called the triblock copolymer system when it is made by three species, say A, B, and C.
Generally we can have a block copolymer system with N species. Due to the chemical
incompatibility, different species tend to be phase-separated. However, different species
are connected by covalent chemical bonds, leading to the microphase separation.

Block copolymers provide simple and easily controlled materials for the study of
self-assembly. The mean field theory, which is associated with a free energy function,
has proven practically useful in understanding and predicting pattern morphology [3,
19]. Ohta and Kawasaki proposed a model in [56], which now we refer to the Ohta-
Kawasaki (OK) model, to study the phase separation of diblock copolymers. Several
years later, Nakazawa and Ohta further proposed the Nakazawa-Ohta (NO) model [55]
to explore the pattern formation of the triblock copolymer system. In general, a mean
field model of a block copolymer system with N + 1 species {A,;}"*! with long-range
interactions can be formulated as [18]

EN[y, -+, ¢yl

/Q{ Zws Ve + lZW(¢>+W<1—Z¢)]}

iyj=1
iy

N .. 1
w23 [ leariemecarie e
1j=

29
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Here 0 < ¢ <« 1 is an interface parameter, 2 = [—1, 1¢4c R d=1,2,3, is the spatial
domain. The function

W(p) = 18(¢° — ¢)* (30)

is a double-well potential with two local minima at 0 and 1. Taking the sum of W(-) for all
species, we introduce a potential function W)

N N
Wy(dy, -, dy) = % [Z W(¢i)+W<1_Z¢i>]’ (31)
i=1 i=1

which has N local minima at (1,0, ---,0),(0, 1,0, -+, 0), -+, (0, -+, 0, 1). The first integral
in (29) accounts for the interfacial free energy between different species which is oscilla-
tion-inhibiting, therefore it favors large domains with minimal common area between spe-
cies. The parameter y;;, assuming to be symmetric y; = y;;, represents the strength of the
long-range repulsive interaction between the i- and j-th species. The parameter w;, defined
as

1
=— [ ¢dx, i=1,-.N
i = g /g"j’ ’

represents the volume constraint for each species ¢;. The second term in (29) is oscillation-
forcing and therefore favors micro-domains of a smaller size.

Note that when taking N =1 (respectively, N = 2), the system (29) reduces to the
binary OK system (respectively, the ternary NO system). In this work, we will focus on
the OK system, the binary system with a long-range interaction induced by (—A)~":

1 2
E%¥[g] =/ [S1var + 1w ax+ Z/ (a7 -o & @2
Q € 2 Ja
with a volume constraint

/¢dx=w|!2|. (33)
Q

Here y measures the strength of the long-range repulsive force between bubbles. Figure 3
shows the schematic of the y-effect on the pattern of bubble assembly. The larger the value
of y is, the more bubbles are formed at equilibrium.

To handle the volume constraint (33), we introduce a penalty term to change (32)
into an unconstrained free energy function:

Fig. 3 The schematic of y-effect ‘ LY ®
on solution patterns. Given a ' o0 o
fixed relative volume w, the o

larger the long-range repulsive ‘ L ([}
strength y is, the more bub-
bles the OK system displays at >

equilibrium \ Increasing y

@ Springer



Communications on Applied Mathematics and Computation

1 2
i1 = [ [S1vor 4w ace L [ |cario-of o
Q € 2J)a

2
+%</¢dx—w|!2|>
2\Ja

with M > 1 being the penalty constant for the volume constraint. Since we are interested
in the pattern formation at equilibrium for the OK system, the L? gradient flow dynamics
for (34) is considered, leading us to the ACOK (pACOK) equation for the time evolution
of ¢p(x, 1):

(34)

op _ SEPK[g]

—eAd— LW(p) = y(=n) (¢ -
= 5% =eAp = —Wi($) —r(-4)" (¢ - )

([ -

with a given initial condition ¢(x, r = 0) = ¢y(x), and no flux boundary condition on 9.2.
The pACOK dynamics (44) satisfies the energy dissipative law
d

T E 01 =l <O.

(35)

There has been extensive work in the past decades to study the OK model from both theo-
retical and numerical perspectives. In [57, 58], the characterization of 1D global minimiz-
ers for the OK system is established, and similar analysis is also applied to the system
with (I — y?A)~! type long-range interaction. Choski [20] conducted asymptotic analysis
for the global minimizers of the OK model. Some variants of the OK model are recently
developed. For instance, Chan et al. [13] replaced the standard diffusion in the OK model
by a fractional diffusion, and the I'-convergence and the existence of the global minimizers
were proved. Recently there are also some work on the L? and H~! gradient flow dynam-
ics for the OK model. Joo et al. [48] studied the global well-posedness of the L? gradient
flow dynamics for both OK and NO systems using the De Giorgi’s minimizing movement
scheme in which the volume constraints are handled via either the Lagrange multiplier
or the penalty method. In [70], the authors provided numerical evidences that pACOK
dynamics displays hexagonal bubble assembly. More importantly, as the first time, they
numerically found that the NO model forms a hexagonal double-bubble pattern at equi-
librium when solving the penalized L? gradient flow for the NO model. Recently efforts
have been made to design numerical schemes for the L? gradient flow dynamics of OK
model, such as first order operator-splitting energy stable methods [72] and maximum prin-
ciple preserving methods [73]. Furthermore, in [18], higher-order energy stable schemes
were designed to simulate the penalized I? gradient flow for OK/NO models. Additionally,
H~! gradient flow dynamics has also been considered recently. For instance, [5] studied an
implicit midpoint spectral approximation for the equilibrium of OK model. [17] adopted
the IEQ method to study the diblock copolymer model. Plus, theoretical studies of NO
model is also attracting much attention in the past years. Ren and Wei studied a family
of local minimizers with lamellar structure for the NO system in [59], then they investi-
gated the double bubble patterns of the triblock copolymer system in [60, 61]. However,
the characterization of the (global) minimizers of the NO system is still unclear. The global
minimizers were only found in the 1D case for a degenerate case in [31] in which the long-
range interaction parameters [y,-j] were of some special form. A first attempt towards a
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systematic characterization of the global minimizers in non-degenerate case was conducted
recently in [74].

5.1 Steady-State System and Bifurcation Analysis

To perform the bifurcation analysis to the pACOK system (35), some modification is needed.
More specifically, we will add a term (—A)~!(¢ — ¢) in the equation in replace of the terms
involving the prefactor . Then we consider the following steady-state system of (35):

A — éw’(qs) —y(=A)"! <¢> - L / qbdx) -0 o

|2
9% _
on

(36)
on 0Q2.

To solve this system, we introduce u as

— (AL _
u=(-4) <¢> |Q|/¢dX>, 37)

and impose the same Nenumann boundary condition for u. Therefore, the system for u is

|Q|/¢dx ¢ 2 fx) in £, 59
ou
— =0 on 082.
on

We can solve u from (38) using the fundamental solution G(x, y) of Au = 0. To this end,
we apply Green’s second identity

0G(x, d
w = [ Gormris [ [ T - oo 5 as,
Q FYe) on any

y

(39)
G(x )
- / GOx 1) () dy + / u 289D g
Q Y
In 1D, G(x,) = 1 |x — y|. In addition, if we take © = [—1, 1], then 02 = {~1,1}, and
1 1
oGy _ G 1 aGay|  _ 9Gw ) ol
on, | dy ~ 2 omy, |y dy T2
Substituting this result back into (39), we have
1
u(x) = / Gl y)f () dy + & / u(y) dS,. 40)

The solution u to the system (38) is unique up to a constant addition. We assume u is of
zero mean, |, u(x)dx = 0. Then

/ u()ds, —-—//G(x WFQ) dydx. (41
00 12|
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Together with (39) and (40), the solution u to the system (38) with zero mean is

u(e) = / GV o)y - o / / Gy () dy dx

- 2z -
—/QGu,y) |~Q|/¢dx o) dy = = /G(x,y)(/mx 90 ) dvdx

lQl/(ﬁdx H(X)+/G(x V() dy — |Q|//G(x V(y)dy dx,

42)
where H(x) = [, G(x,y)dy — é Jo [ Glx,y) dy dx.
Substituting (37) and (42) into the system (36), it yields an equivalent system:
1., 1
A= Wt -1(5 / & dx )HCo) + y/ G, Y)b() dy
1 |Q| / / G, y)p(y)dydx =0 in Q, (43)
an on 0L2.

We will analyze the bifurcation solutions based on the above system.

We first consider the trivial steady-state solutions. If ¢ = C, where C is a constant,
then f(x) =0 in (38), and hence u(x) = 0. Therefore, the trivial steady-state solutions to
(43) (or equivalently (36)) are

1
W) =0 = ¢y = 1,y = 5., and b = 0. (44)
Similar as in (6), we first need to shift the solution by —¢,, (¢, = 0, 1, %) to apply the Cran-

dall-Rabinowitz theorem (Theorem 1) on any trivial steady states. As a result, we obtain
the following system:

eA¢—lW’(¢+¢o)— (|é| /¢dx)H(x)+y/G(x,y)¢(y)dy
< | 2 / / Gr.y)b() dydx = 0 in 2, (45)

on 0.02.
an

Notice that in deriving the above system, we made use of the fact that u(x) = 0 if ¢ = ¢ is
a constant, hence,

1 2
(@/_{2¢odx>H(x)+/QG(x,y)¢ody—ﬁ-/Q/Q(;(xJ)d,Odydx_o. 46)

After being shifted, ¢ = 0 is always a solution to the system (45) when ¢, =0, 1, or %
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Next, we shall use the Crandall-Rabinowitz theorem to find bifurcation points on the
solution branches of constant steady-state solutions. To this end, we define the follow-
ing operator:

H
G(g,7) = €A — lw’(qg + ) — 7|!§?|C)

- / / G y)b(y) dy d.

In this case, y is viewed as the bifurcation parameter. Since G involves at most second-order
derivatives of ¢, G(-,7) maps X into Y, where the spaces X and Y are defined in (8). As in
Lemma 1, we need to compute the Fréchet derivative of G.

/ ¢pdx+y / G(x,y)é(y) dy
Q Q (47)

Lemma 2 The Fréchet derivative D G(¢, v) of the operator G is given by

YHXx)
12|

- | [ aemeor was

Proof Let ¢, & € X. Since the operator G, which is defined as

DG, PIE] = €AZ = TW (¢ + §)E -

/é‘dX+ 7// G(x,y)&(y) dy
Q Q (48)

A 2
Gy & eAe:—@/d)dxw/G(x y)qb(y)dy——y//G(x,y)¢(y)dydx
A 2]

is a linear operator with respect to ¢, we have G, (¢ + &,7) = G,(¢,y) + G, (&, 7). It follows
from the mean value theorem that

Gp+&7) =01 = [G@+E0 - W@ +E+d0)| - [6:6.0) - TW D+ o)
=G - <[ W@ +E+d) - W(g+ gy
=G - <[ W@+ gp)e + W wE],

where y € (¢ + ¢y, ¢ + & + ¢). Combining with (48), we have

Glp+E.7) — G 1) — DyG(. 1)IE] = —éW”’(w)rSz-
Therefore, we find that

1G(p + &, 7) = G(d.v) —DyG(d, NNy 1 IIW”’(w)lely c ey

- < 5
e lI€llx

€Ny e ey

as||&|ly — 0, which leads to the Fréchet derivative in (48).

s

Based on Lemma 2 and (48), we have
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H
D,G0.)[E] = e~ LW (g - y—(x) / Edxty / G, ER) dy
Q

- | [ ez

where W (¢,) = 36(6(1% — 6¢ + 1). In what follows, we shall consider the bifurcations
according to different values of ¢,.

(49)

5.1.1 Bifurcations Around ¢, =

When ¢, = %, W (¢o) = —18, it follows that

H
D¢g<o,y>[é]=eA:+1—8.f— rH) / Edity / G(x,Y)E() dy
12| Ja Q

- | [ s

Recall that 2 = [—1, 1]. Hence, if £ € X is in the kernel of D,G(0, y), it is equivalent to

(50)

18 yH(x) 1 1 1 1
Cut 6 [1 S(X)dXH/[I G(X,y)cf(y)dy—y/_1 /_1 G(x,y)é(y)dydx =0,
LD =40)=0.

Like in the previous analysis, we once again use the ansatz (13) to derive two solution
expressions, (15) and (16). Substituting each term of (15) into (50) leads to

D50, 7lag] = e, 1)

where we use (46) to cancel the last three terms; in addition, recalling that G(x, y) = %lx -y
in 1D, we have

D4G(0,7) [bn sin ((g + nn)x)]
=[—e<2+mt) +—]b §1n<<2+n ) ) %x)b”/lsin«;+mt) )dx
+ybn/1%|x—y|sin<< +mc dy rb, // —|x - y|s1n +m|:> )dydx,
-1

where
/ [x — y|s1n<<;+nn)>
/(x y)s1n< +n dy+/(y x)s1n<(g+mt)y>dy

2t
< +mr>> 2003(5+mr)x
(

Itnn
2
( " )2 sin +mt> >+0——ﬁ5in<(g+nn>x).
nm = +nn
2

<
——

Nla
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The last equality holds since n is an integer, then cos <§ + mt) = 0. Integrating one more

time leads to

[: [: lx =yl sin((g+nn)y> dydx = “Err fm)z [: Sin<(g+nn>x)dx=0.

Hence,
2
D¢Q(0, y)[bn sin ((E + nn)x)] :[ — e(E + mr,> + 18 _ #]bn
2 2 e (5 +nm)?
2 (52)
- sin ((g + mc)x).
Combining the above equation with (51), we obtain
184, - 2
D¢g(077)[§] =TO + Z |:- E(g +I’lTE) + % - ﬁ]bn
n=0 (5 nn (53)
- sin ((E + mt)x)
> .
If —e(g +nm)? + 1—68 - (§+ym:)2 = 0, which is equivalent to y = —e(g +nn)* + 1—68(5 + nm)?,

then the term of sin (( g + mt)x) disappears while all the other terms remain. Therefore, we
have the following bifurcation theorem for the system (45):

Theorem 6 For each integer n > 0, yfll) = —e(g +nn)* + %(g + nm)?, (O, yr(ll)) is a bifurca-
tion point to the system (45) such that there is a bifurcation solution (¢, (x, s), v,(s)) with

7,(0) = ,51),¢n(x, §) = ssin ((g + nn)x) + o(s), where|s| < 1.

Proof We need to verify the four conditions in the Crandall-Rabinowitz theorem at the
point (0, y}i”). To begin with, the first condition is naturally satisfied, since ¢ = 0 is always
a solution to (45). Wheny =y = —e(g +nn)* + 16—8(’—2t + nm)?, it follows from (53) that

Im D, G(0, yfll)) =span{ 1, sin (§x> sin (%x) e
sin ((g +(1=1))x).sin ((g F@+ D)), }
and
KerD,G(0, 7’,(,1)) = span{ sin ((g + mr)x) },
which imply that dim(Ker D,G(0, yfll))) =1 and codim(ImD,G(0, yr(l”)) = 1. Hence, the
codimensional space and the non-tangential space meet the requirements of the Crandall-

Rabinowitz theorem. To complete the proof, it remains to show the last condition. Differ-
entiating (49) with respect to y and applying on sin ((5 + nm)x), we have
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__
(’2—[ + nm)?

- sin ((g + mc)x) ¢ ImD,G(0,y").

DM,Q(O, }’r(,l)) [sin ((g + mr)x)] =
(54)

All conditions of the Crandall-Rabinowitz theorem are satisfied, hence the results in Theo-
rem 6 are direct consequences of Theorem 1.

Since the solutions to the original model (44) are shifted, we have the following bifurca-
tion theorem for the original model:

Theorem 7 For each integer n > 0, yV = —e(g +nn)* + 1?8(% + nm)?, (% 71(11)) is a bifur-
cation point to the system (44) such that there is a bifurcation solution (¢,,(x, s), v,(s)) with

7,(0) = r(ll),qﬁn(x, s) = % + ssin <(g + mt)x) + o(s), where |s| < 1.

Similarly, considering the solution (16), we have

D,G(0,7)[¢] = DyG(0, ) [2 a, cos(mtx)]
n=0 (55)

(o]

18
= 20 +Z [—e(nn)2+§—
€
n=1

]an cos(nmx),
€

Y
(nm)?

then we obtain the bifurcation theorem for cosine modes:

Theorem 8 For each integer n> 1, y'» = —e(nm)* + 16—?(1111:)2, (%,yr(lz)) is a bifurcation

point to the system (44) such that there is a bifurcation solution (¢, (x, s), v,(s)) with

7,(0) = ,(12), ¢ (x,5) = % + s cos(nnx) + o(s), where |s| < 1.

5.1.2 No Bifurcations Around ¢p, = 0, 1

When ¢, = 0 or 1, we have W (¢,) = 36, and (49) becomes

H
D460, 7)e] = ené - ¢ - x [fl‘) / Edvty / G, )EY) dy
ke Q

-2 [ dyd
a7 . [ Gy

Substituting solution (15), it follows that

D460, y)I¢] = —@ + i [— e(% +nn)2 _3 ;]bn sin <<g +nn:>x>.

= € (g + nm)?
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Fig.4 The bifurcation points y,, for different modes n with e = 0.3 (left) and ¢ = 0.1 (right). The red curve is
corresponding to sin perturbation while the blue curve is for cos perturbation

1.0

1500 2000 2500 3000

o

0 500 1000

Fig.5 The solution structure of the ACOK model with respect to y with € = 0.3. Here y-axis labels ¢(—1).
e=0.1

36

e (’—2(+;;m)2 ) 18
always negative when €, y > 0, hence sin ((E + nn)x) cannot be varnished. Similarly, if we
use the solution expression (16), the coefficient for each cos(nmx) term is also negative.
Hence Ker D¢Q(O, y) = @ for any y > 0, which does not meet the second condition of the
Crandall-Rabinowitz theorem. Therefore, there are no bifurcation solutions around ¢ = 0
or¢p = 1.

Notice that the coefficient for each sin ((g + mt)x) term, [ - e(’z—t + nm)? —

5.2 Bifurcation Diagram

First, we compute the bifurcation points of y for different € in Fig. 4. It shows that more
bifurcation points when € is smaller. Next, we compute the bifurcation diagram of (36)
in Fig. 5 with respect to y for € = 0.3. It shows more complex structure than the Allen-
Cahn equation. For any given y, we can also compute the multiple solutions based on
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1.0 1.0 1.0

0 0 0

-1 0 1 -1 0 1 -1 0 1
1.0 1.0 1.0

0 0 0

-1 0 1 -1 0 1 -1 0 1

Fig.6 Multiple non-trivial solutions of the ACOK model with y = 1000 and e = 0.3. There are 12 solu-
tions, each panel consists two symmetric solutions with respect to y = %

the bifurcation diagram. For instance, when y = 1000 and € = 0.3, we have 12 solutions
shown in Fig. 6.

6 Discussion and Conclusion

We develop an analytical framework based on the bifurcation analysis to explore the solu-
tion structure of phase field equations. It is applied to three well-known phase field equa-
tions, the Allen-Cahn equation, the CH equation, and the ACOK system. Our results show
that all the solutions bifurcate from the unstable trivial solution branch. Theoretical bifur-
cation analysis and numerical computation are presented to systematically validate the
solution structures.

Note that the bifurcation analysis near ¢, = 0 leads to the solution structures for non-
trivial equilibrium solutions. This analytical approach can be applied to other complex sys-
tems as long as they have a trivial solution or an analytical non-trivial solution. This has
been successfully demonstrated in analyzing complex free boundary problems in tumor
growth [29, 30, 39, 76] and plaque formation [46, 77], but there are some limitations for
current analytical approach. For example, it cannot be applied directly to cell migration
on micro-patterns [12] in which cell is represented by a phase field function and winds up
with a (time-dependent) periodic circular motion.

Besides, bifurcation analysis could have other impacts except providing the solution
structure. For instance, we can use bifurcation results to obtain the stability condition of
various numerical schemes. Consider the implicit scheme of the Allen-Cahn equation as an
example:

¢n+l _ ¢n

T _agt 4 L@ - ¢ =0.0<i <N, (56)
€

Let ¢"*! = ¢" + w. Then the linearized system reads
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ﬂ_ l n2. — n_i n\3 _ gn
N l//xx+€2(3(¢)w w)=¢" 62((¢) ¢"). (57)

If we choose ¢" = 0, then (57) becomes

%f W 5_12”/:0’ (58)
which admits bifurcations, based on our results, when L iz <0, i.e., At > €2. Therefore,
to ensure the uniqueness of ¢"*!, the stability condition of the implicit scheme is At < €.
We will perform systematic study on the stability conditions for various numerical schemes
in the future.

The bifurcation analysis we propose in this work can be naturally extended to the 2D
case, in which the solutions are still branched out of the unstable constant solution ¢ = 0.
Only it has more complicated formulations and more time-consuming numerical computa-
tion than the 1D case. When applying to the 2D case, an interesting and more complicated
example of phase field models is the one with dynamic boundary conditions such as the
GMS model [33] and the LW model [51, 53]. For these models, the phase field function
¢ still satisfies the usual dynamics over the bulk domain €2 such as CH dynamics, coupled
with standard boundary conditions such as the Neumann boundary condition. However,
¢|,0 undergoes another phase field dynamics such as the Allen-Cahn, or CH, or ACOK
type. Our bifurcation framework is applicable to this type of model as ¢ = 0 is still the
solution branch containing bifurcation branches to other solutions. To this end, we need
to design stable and efficient numerical discretization schemes for the phase field models
with dynamic boundary conditions, though [51] has introduced some structure-preserv-
ing numerical schemes for solving the GMS model and the LW model. We will leave the
bifurcation analysis together with stable and efficient solvers for phase field models with
dynamic boundary conditions for the future consideration.

Current work for the pACOK system is limited to the case in which phases or species A
and B are of equal fraction. Some solution structures for a more general case of @ < 1 can
be explored based on the bifurcation from the nontrivial solution branch for the case equal
fractions. What is more, this framework can be applied to analyze the solutions structures
of other phase field equations, e.g., the nonlocal Allen-Cahn equation, the ACOK equation
with a general nonlocal long-range interaction, and minimal phase field models for cell
migration.

Acknowledgements The work is primarily supported as part of the Computational Materials Sciences Pro-
gram funded by the U.S. Department of Energy, Office of Science, Basic Energy Sciences, under Award No.

DE-SC0020145. Y.Z. would like to acknowledge support for his effort by the Simons Foundation through
Grant No. 357963 and NSF grant DMS-2142500.

Compliance with Ethical Standards

Conflict of Interest On behalf of all authors, the corresponding author states that there is no conflict of inter-
est.

References

1. Akrivis, G., Crouzeix, M., Makridakis, C.: Implicit-explicit multistep finite element methods for non-
linear parabolic problems. Math. Comput. Am. Math. Soc. 67, 457 (1998)

@ Springer



Communications on Applied Mathematics and Computation

10.

11.
12.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

Anderson, D.M., McFadden, G.B., Wheeler, A.A.: Diffuse-interface methods in fluid mechanics.
Annu. Rev. Fluid Mech. 30, 139 (1998)

Bats, F.S., Fredrickson, G.H.: Block copolymers—designer soft materials. Phys. Today 52(2), 32
(1999)

Bauer, L., Keller, H.B., Reiss, E.: Multiple eigenvalues lead to secondary bifurcation. STAM Rev.
17(1), 101-122 (1975)

Benesova, B., Melcher, C., Suli, E.: An implicit midpoint spectral approximation of nonlocal Cahn-
Hilliard equations. SIAM J. Numer. Anal. 52, 1466 (2014)

Boettinger, W.J., Warren, J.A., Beckermann, C., Karma, A.: Phase-field simulation of solidification.
Annu. Rev. Mater. Res. 32, 163-194 (2002)

Borden, M.J., Verhoosel, C.V., Scott, M.A., Hughes, T.J., Landis, C.M.: A phase-field description of
dynamic brittle fracture. Comput. Methods Appl. Mech. Eng. 217, 77 (2012)

Brower, R., Kessler, D., Koplik, J., Levine, H.: Geometrical models of interface evolution. Phy. Rev. A
29, 1335 (1984)

Cahn, J., Allen, S.: A microscopic theory for domain wall motion and its experimental verification in
Fe-Al alloy domain growth kinetics. J. de Physique 38, C7-51 (1977)

Cahn, J., Hilliard, J.: Free energy of a nonuniform system. I. Interfacial free energy. J. Chem. Phys. 28,
258 (1958)

Cahn, J.W.: On spinodal decomposition. Acta Metallurgica 9(9), 795-801 (1961)

Camley, B., Zhao, Y., Li, B., Levine, H., Rappel, W.-J.: Crawling and turning in a minimal reaction-
diffusion cell motility model: coupling cell shape and biochemistry. Phys. Rev. E 95, 012401 (2017)
Chan, H., Nejad, M., Wei, J.: Lamellar phase solutions for diblock copolymers with nonlocal diffu-
sions. Phys. D 388, 22-32 (2019)

Chen, L.Q.: Phase-field models for microstructure evolution. Annu. Rev. Mater. Res. 32, 113 (2002)
Chen, L.Q., Shen, J.: Applications of semi-implicit Fourier-spectral method to phase field equations.
Comput. Phys. Commun. 108, 147 (1998)

Chen, L.Q., Zhao, Y.H.: From classical thermodynamics to phase-field method. Progress in Materials
Science 124, 10086 (2022)

Cheng, W., Yang, X., Shen, J.: Efficient and accurate numerical schemes for a hydro-dynamically cou-
pled phase field diblock copolymer model. J. Comput. Phys. 341, 44 (2017)

Choi, H., Zhao, Y.: Second-order stabilized semi-implicit energy stable schemes for bubble assemblies
in binary and ternary systems. DCDS-B 27(8), 4649-4683 (2021)

Choksi, R.: Scaling laws in microphase separation of diblock copolymers. J. Nonlinear Sci. 11, 223—
236 (2011)

Choksi, R.: On global minimizers for a variational problem with long-range interactions. Quart. Appl.
Math. 70, 517-537 (2012)

Cox, S.M., Matthews, P.C.: Exponential time differencing for stiff systems. J. Comput. Phys. 176, 430
(2002)

Crandall, M.G., Rabinowitz, P.H.: Bifurcation from simple eigenvalues. J. Funct. Anal. 8(2), 321-340
(1971)

Du, Q., Feng, X.: The phase field method for geometric moving interfaces and their numerical approxi-
mations. Handbook of Numerical Analysis 21, 425 (2020)

Du, Q., Ju, L., Li, X., Qiao, Z.: Maximum bound principles for a class of semilinear parabolic equa-
tions and exponential time-differencing schemes. SIAM Rev. 63, 317 (2021)

Du, Q., Nicolaides, R.A.: Numerical analysis of a continuum model of phase transition. SIAM J.
Numer. Anal. 28, 1310 (1991)

Eyre, D. J.: Unconditionally gradient stable time marching the Cahn-Hilliard equation. In: Computa-
tional and Mathematical Models of Microstructural Evolution (San Francisco, CA, 1998), Mater. Res.
Soc. Sympos. Proc., vol. 529, pp. 39-46. MRS, Warrendale (1998)

Fix, G.J.: Phase field model for free boundary problems. In: Fasano, A., Primicerio, M. (eds) Free
Boundary Problems: Theory and Applications, vol. 2. Pitman Publishing Inc., Massachusetts, USA
(1983)

Friedman, A., Hu, B.: Bifurcation from stability to instability for a free boundary problem arising in a
tumor model. Arch. Ration. Mech. Anal. 180(2), 293-330 (2006)

Friedman, A., Hu, B.: Bifurcation for a free boundary problem modeling tumor growth by Stokes
equation. SIAM J. Math. Anal. 39(1), 174-194 (2007)

Friedman, A., Reitich, F.: Symmetry-breaking bifurcation of analytic solutions to free boundary prob-
lems: an application to a model of tumor growth. Trans. Amer. Math. Soc. 353(4), 1587-1634 (2001)
Gennip, Y., Peletier, M.: Copolymer-homopolymer blends: global energy minimisation and global
energy bounds. Calc. Var. Partial Differ. Equ. 33, 75-111 (2008)

Springer



Communications on Applied Mathematics and Computation

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

Ginzburg, V.Q., Landau, L.E.: On the theory of superconductivity. Soviet Physics-JETP 20(12), 1064—
1082 (1950)

Goldstein, G.R., Miranville, A., Schimperna, G.: A Cahn-Hilliard model in a domain with non-perme-
able walls. Phys. D 240(8), 754-766 (2011)

Haber, R., Unbehauen, H.: Structure identification of nonlinear dynamic systems survey on input/out-
put approaches. Automatica 26(4), 651-677 (1990)

Hao, W.: An adaptive homotopy tracking algorithm for solving nonlinear parametric systems with
applications in nonlinear ODEs. Appl. Math. Lett. 125, 107767 (2022)

Hao, W., Crouser, E., Friedman, A.: Mathematical model of sarcoidosis. Proc. Natl. Acad. Sci. USA
111(45), 16065-16070 (2014)

Hao, W., Friedman, A.: The LDL-HDL profile determines the risk of atherosclerosis: a mathematical
model. PloS One 9(3), €90497 (2014)

Hao, W., Hauenstein, J., Hu, B., Liu, Y., Sommese, A., Zhang, Y.-T.: Multiple stable steady states of
a reaction-diffusion model on zebrafish dorsal-ventral patterning. Discrete Contin. Dyn. Syst. Ser. S
4(6), 1413-1428 (2011)

Hao, W., Hauenstein, J., Hu, B., Liu, Y., Sommese, A.J., Zhang, Y.-T.: Bifurcation for a free boundary
problem modeling the growth of a tumor with a necrotic core. Nonlinear Analysis: Real World Appli-
cations 13(2), 694-709 (2012)

Hao, W., Hauenstein, J., Hu, B., Sommese, A.: A three-dimensional steady-state tumor system. Appl.
Math. Comput. 218(6), 2661-2669 (2011)

Hao, W., Hauenstein, J., Shu, C.-W., Sommese, A., Xu, Z., Zhang, Y.-T.: A homotopy method based on
WENO schemes for solving steady state problems of hyperbolic conservation laws. J. Comput. Phys.
250, 332-346 (2013)

Hao, W., Nepomechie, R., Sommese, A.: Completeness of solutions of Bethe’s equations. Phys. Rev. E
88(5), 052113 (2013)

Hao, W., Nepomechie, R., Sommese, A.: Singular solutions, repeated roots and completeness for
higher-spin chains. J. Stat. Mech. Theory Exp. 2014(3), P03024 (2014)

Hao, W., Xue, C.: Spatial pattern formation in reaction-diffusion models: a computational approach. J.
Math. Biol. 80, 521-543 (2020)

Hao, W., Zheng, C.: An adaptive homotopy method for computing bifurcations of nonlinear para-
metric systems. J. Sci. Comput. 82(3), 53 (2020)

Hao, W., Zheng, C.: Bifurcation analysis of a free boundary model of the atherosclerotic plaque
formation associated with the cholesterol ratio. Chaos 30(9), 093113 (2020)

Hao, W., Zheng, C.: A stochastic homotopy tracking algorithm for parametric systems of nonlinear
equations. J. Sci. Comput. 87(3), 87 (2021)

Joo, S., Xu, X., Zhao, Y.: Analysis and computation for Allen-Cahn-Ohta-Nakazawa model in ter-
nary system. Interfaces Free Bound. 23, 535-559 (2021)

Kessler, D., Koplik, J., Levine, H.: Geometrical models of interface evolution. II. Numerical simu-
lation. Phys. Rev. A 30, 3161 (1984)

Kessler, D., Koplik, J., Levine, H.: Geometrical models of interface evolution. III. Theory of den-
dritic growth. Phys. Rev. A 31, 1712 (1985)

Knopf, P., Lam, K.F., Liu, C., Metzger, S.: Phase-field dynamics with transfer of materials: the
Cahn-Hilliard equation with reaction rate dependent dynamic boundary conditions. ESAIM: Math-
ematical Modelling and Numerical Analysis 55(1), 229-282 (2021)

Liu, C., Shen, J.: A phase field model for the mixture of two incompressible fluids and its approxi-
mation by a Fourier-spectral method. Phys. D 179(3/4), 211-228 (2003)

Liu, C., Wu, H.: An energetic variational approach for the Cahn-Hilliard equation with dynamic
boundary condition: model derivation and mathematical analysis. Arch. Ration. Mech. Anal.
233(1), 167-247 (2019)

Morgan, A., Sommese, A.: Computing all solutions to polynomial systems using homotopy con-
tinuation. Appl. Math. Comput. 24(2), 115-138 (1987)

Nakazawa, H., Ohta, T.: Microphase separation of ABC-type triblock copolymers. Macromolecules
26, 5503-5511 (1993)

Ohta, T., Kawasaki, K.: Equilibrium morphology of block copolymer melts. Macromolecules 19,
2621-2632 (1986)

Ren, X., Truskinovsky, L.: Finite scale microstructures in nonlocal elasticity. J. Elasticity 59, 319—
355 (2000)

Ren, X., Wei, J.: On the multiplicity of solutions of two nonlocal variational problems. SIAM J.
Math. Anal. 4, 909-924 (2000)

@ Springer



Communications on Applied Mathematics and Computation

59. Ren, X., Wei, J.: Triblock copolymer theory: ordered ABC lamellar phase. J. Nonlinear Sci. 13,
175-208 (2003)

60. Ren, X., Wei, J.: A double bubble in a ternary system with inhibitory long range interaction. Arch.
Ration. Mech. Anal. 208, 201-253 (2013)

61. Ren, X., Wei, J.: A double bubble assembly as a new phase of a ternary inhibitory system. Arch.
Ration. Mech. Anal. 215, 967-1034 (2015)

62. Rheinboldt, W.: Numerical methods for a class of finite dimensional bifurcation problems. SIAM J.
Numer. Anal. 15(1), 1-11 (1978)

63. Rheinboldt, W.: Numerical analysis of continuation methods for nonlinear structural problems.
Comput. & Struct. 13(1), 103-113 (1981)

64. Rowlinson, J.S.: Translation of J. D. van der Waals’ “The Thermodynamic Theory of Capillarity
Under the Hypothesis of a Continuous Variation of Density”. J. Stat. Phys. 20(2), 197-200 (1979)

65. Shen, J., Xu, J., Yang, J.: The scalar auxiliary variable (SAV) approach for gradient flows. J. Com-
put. Phys. 353, 407 (2018)

66. Song, H., Shu, C.-W.: Unconditional energy stability analysis of a second order implicit-explicit local
discontinuous Galerkin method for the Cahn-Hilliard equation. J. Sci. Comput. 73, 1178-1203 (2017)

67. Steinbach, I.: Phase-field model for microstructure evolution at the mesoscopic scale. Annu. Rev.
Mater. Res. 43, 89-107 (2013)

68. Stephen, M.J., Suhl, H.: Weak time dependence in pure superconductors. Phys. Rev. Lett. 13(26), 797—
800 (1964)

69. Van der Waals, J.D.: Theorie thermodynamique de la capillarite, dans 1’hypothese d’une variation
continue de la densite. Archives Neerlandaises des Sciences Exactes et Naturelles XXVIII, 121-
209 (1979)

70. Wang, C., Ren, X., Zhao, Y.: Bubble assemblies in ternary systems with long range interaction.
Comm. Math. Sci. 17, 2309-2324 (2019)

71. Xu, J., Li, Y., Wu, S., Bousquetd, A.: On the stability and accuracy of partially and fully implicit
schemes for phase field modeling. Comput. Methods Appl. Mech. Eng. 345, 826 (2019)

72. Xu, X., Zhao, Y.: Energy stable semi-implicit schemes for Allen-Cahn-Ohta-Kawasaki model in
binary system. J. Sci. Comput. 80, 1656-1680 (2019)

73. Xu, X., Zhao, Y.: Maximum principle preserving schemes for binary systems with long-range interac-
tions. J. Sci. Comput. 84, 33 (2020)

74. Xu, Z., Du, Q.: On the ternary Ohta-Kawasaki free energy and its one-dimensional global minimizers.
arXiv: 2111.09877 (2021)

75. Yang, X.: Linear, first and second-order, unconditionally energy stable numerical schemes for the
phase field model of homopolymer blends. J. Comput. Phys. 327, 294 (2016)

76. Zhao, X.Y., Hu, B.: Symmetry-breaking bifurcation for a free-boundary tumor model with time delay.
J. Differential Equations 269(3), 1829-1862 (2020)

77. Zhao, X.Y., Hu, B.: Bifurcation for a free boundary problem modeling a small arterial plaque. J. Dif-
ferential Equations 288, 250-287 (2021)

78. Ziebert, F., Aranson, 1.S.: Computational approaches to substrate-based cell motility. npj Computa-
tional Materials, 2(1), 103-118 (2016)

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

@ Springer


http://arxiv.org/abs/2111.09877

	Bifurcation Analysis Reveals Solution Structures of Phase Field Models
	Abstract
	1 Introduction
	2 Bifurcation Analysis and Homotopy Tracking
	3 Bifurcation Analysis of Allen-Cahn Equation
	3.1 Bifurcation Analysis
	3.1.1 Bifurcations Around 
	3.1.2 No Bifurcations Around 

	3.2 Bifurcation Diagram

	4 CH Equation
	5 Binary System with Long-Range Interaction
	5.1 Steady-State System and Bifurcation Analysis
	5.1.1 Bifurcations Around 
	5.1.2 No Bifurcations Around 

	5.2 Bifurcation Diagram

	6 Discussion and Conclusion
	Acknowledgements 
	References




