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1 Turning and bipedal motion
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Figure S1: Many types of cell crawling appear, including bipedal motion and turning. Cell shape (phase field ¢), actin promoter (p, ¢),
and myosin (p,,¢) of cells at different times. Color plots are rescaled by 1, 1.4 pum~2, and 0.8 um~2, respectively. TOP: Cell turning;
total width of stripe is w = 40 pm (not in image; scale bar indicates 10 pm). BOTTOM: Bipedal motion. Total width of stripe is
w = 10 um (dashed lines).

2 Sharp interface derivation

We will derive the sharp interface results presented in the text. These are that the front and back interface velocities are given by
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where f% = 21p/&. In order to get these results, we will assume the sharp interface limit €/¢;, < 1, and also that the cell’s size Ly is
much larger than ¢;,. We will also assume that the interface’s curvature is not relevant.
Our Stokes equation for the cell’s cytoskeletal velocity u is

V- [V((b) (vu + vuT)] +V. Omyo +V- Opoly + Frem + Faan — fll =0 (SZ)
where v(¢) = vy¢(r) and the active stresses are given by

Omyo = 7I9n<750m1 (S3)
Tpoly = —T)0pad AR (S4)

where I is the identity tensor, §. = e(V¢)2, and n is the unit normal vector to the cell boundary. F 4, contains stochastic adhesion forces,
which we ignore. We note that these adhesion forces may in some limits only renormalize & [1], so it may be appropriate to think of the



¢ as an effective value larger than that given in the simulation. The membrane forces are derived from a phase field approximation to the
Helfrich energy and surface tension (see, €.g. [2, 3]), Finem = Fiension + Fbena With

Fiension = - <6v2¢ - Cz) V¢ (S5)
Ke <v2 - C;) (v% - EGQ) Ve (S6)

where G(¢) = 1842(1 — ¢)? and G’ and G” denote derivatives of G with respect to ¢.
We are interested in creating an effectively one-dimensional model. We approximate our cell’s complex shape by an effectively

Fbend

one-dimensional front that minimizes the tension and bending energies (i.e. Fiension = Fena = 0). This will be true if eV2¢ = %, or
(for a front in the y direction)
1
b1(y) = 5 (1 + tanh(3y/¢)) §7)
Under this assumption, the Stokes equation becomes
U0y [¢1(y)Oyu] + Funyo [P1] + Fpoty [p1] —Eu=10 (S8)

where U = 2vg, Fyoly = O0y0poty and Finyo = 0y0myo We will look at the two force terms separately, since this equation is linear and we
can superimpose the two resulting velocity fields. We will also assume that the densities p, and p,, do not vary quickly at the front, so
that Fpory ~ —n? PaOy(P1dc) and Fiuyo ~ nY, pmOy¢1. We illustrate the resulting field ¢; and the forces in Fig. S2 below.
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Figure S2: We show the phase field and active forces at the interface at y = 0. Here the phase field ¢; = % (1 + tanh(3y/e)). The active
force due to actin polymerization is Fpoy ~ —n? paOy(¢1de) and the active force due to myosin contractility is Fiuyo =~ nY, PmOydr.
€ = 2um in this figure.

2.1 Active force due to actin polymerization

We start by rewriting Eq. S8 with Fpqy = —ngpaﬁy(qﬁ 10c) and Fihyo = 0. (We will use linearity to rescue the complete result later.)
Rescaling our lengths to 7 = y/(¢),) where £ = 7/ and defining § = €/3(},, we find

Or [{1 + tanh(r/d)} Oru] — %E)r [{1+ tanh(r/8)} sech4(r/5)] —2u=0 (S9)

where y = %772 Pa/V. We can’t solve this equation exactly, but can develop an asymptotic approximation in the sharp interface limit of
€ < 0}, (6 < 1). In particular, we can see that in the sharp interface limit, the term sech®r /9 can be neglected everywhere but near the
front position, r = O(d). Moving to the stretched variable z = /4, and defining U(z) = u(r) for convenience,

9 [(1 + tanh 2)9.U] — x0. [(1 + tanh z) sech’z] — 26°U = 0 (S10)

To O(8°), we can neglect the last term on the right. The remaining ODE can be directly integrated:

_ _1_22 4 _ 8
U(z)-A(z 5¢ >+B+x{(1+62z)2 3(1+€2Z)3} (S11)




We cannot consistently apply the boundary conditions u(r — 400) = 0 to this solution; we need to match it to the solution in the outer
region. However, the outer regions to the right and left of the front have two distinctly different characters. For r >> §, 1+tanh(r/J) =~ 2,
and the outer expansion is

O*up —up =0 (S12)

and we can immediately determine ur = Ce™", neglecting the solution that diverges as r — oco. Matching to the interior solution yields
the requirement C' = B + %X and A = —6C. However, for r < —4, 1 + tanh(r/d) approaches zero; 0 is a singular perturbation to the

outer equation in the left region. For r < —&, 1 + tanh(r/8) ~ 2¢?"/%, and so

(¥ 00,ur) —up =0 (S13)
which can be solved to find

ug, = De™"/OK (6e77/%) (S14)

where K is the modified Bessel function of order 1, and we have dropped the solution that diverges as r — —oo. To match this to the
interior solution, we choose r = dz. with z, fixed but large (and negative), and look at the behavior as § — 0:

1 —2z.
uLND{(S—l—e? d{lné—z.—In2+4~vg —1/2} (S15)
1 —2zc
~D|= 6lné S16
LS + 5 n } (S16)
where v is the Euler gamma, vz = 0.5772.... We match to the interior solution at z = z, with z, < —1,
1
U~ —§Ae*226 +B (S17)

Matching then requires that —A = D§lnd and B = D/é. Combining this with our earlier matching requirements, C = B + % X
and A = —§C, we find:

Alx = %% (S18)
B/x = %%M (S19)
=i
D/x = %ﬁim (S21)

Importantly, because C' — 0 as § — 0, in the sharp interface limit, there is no long-range velocity induced by the actin promoter at the
interface.
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Figure S3: Velocity of fluid due to the presence of actin promoter at the cell boundary. Interface is at y = 0 as above, i.e. ¢ =
1 [1 + tanh(3y/e)]. Here € = 2 pm, ¢; = 63 um, i.e. § ~ 0.01.



Our asymptotics provide an excellent approximation to the full numerical solution (Fig. S3). It also allows us to determine the
interface velocity, «(0) (using the interior solution). We find in the sharp interface limit that

2
Uinterface = _§X = —Qpq (822)

where

_ o _ T
T
This is the result given in the main paper. It is only the leading order term; higher-order terms that depend on § can also be obtained
from the solution above. The process for myosin is very similar, but we will find that a long-range (on the order of ¢}) velocity will be
induced, unlike the actin promoter case.

a (523)

2.2 Myosin force

We start by rewriting Eq. S8 with Fyyyo = 79, 010y ¢ and Foy = 0. Rescaling our lengths to 7 = y/(£;,) where (7 = /¢ and defining
0 = €¢/3¢y, we find
Or [{1 + tanh(r/d)} Oru] + p0, [1 + tanh(r/d)] —2u =0 (S24)

where 11 = 1% py ¢y /7. Note that unlike  in the actin promoter case, y does have an explicit dependence on the hydrodynamic length
scale /},.
We develop an asymptotic approximation in the sharp interface limit of ¢ < ¢}, (6 < 1). Moving to the stretched variable z = r /4,
and defining U (z) = u(r),
9. [(1 + tanh 2)0,U] + udd. [1 + tanh 2] — 26°U = 0 (S25)

To linear order in 4, the last term can be dropped, and the remaining equation can be easily integrated to find

1
U(z)=A (z — 2e—22> +B - %‘5e—22 (S26)

The outer limits are the same as in the actin promoter case. We then get the matching conditions D/é = B, A+ ué = —D§1Ind, B = C,
and A = —§C. These can be solved to find

Afp = —Jm (S27)
B/u= Ijjéiﬁg (S28)
Wuzfiﬁﬁ (S29)
Dm:?ﬁ%ﬁ (S30)

Note that C' does not vanish in the sharp interface limit: the presence of myosin at the interface leads to a velocity far away from the
interface, u(r) ~ pe~". Our asymptotic approximations are again an excellent approximation to the full numerical solution (Fig. S4).
In the sharp interface limit, u(0) becomes

Uinterface — M = ﬁpm (831)

where 0, 0,
g = Ml _ Ml (832)
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2.3 When can we apply the sharp interface result?

We argue that in the limit L. >> ¢5, we can neglect correlations between the cell edges. We have been attempting to determine the
velocity of the cell interface using only the actin promoter and myosin densities at the interface, but no information about the actin
promoter and myosin throughout the cell, or the other interface of the cell. When is this appropriate? We have seen above that myosin at
the cell interface induces a velocity in the cell body with a dependence of position of e~ Y/t if Leen > £, one interface will not affect
the other. We have also neglected forces coming from internal gradients of the myosin-induced stress; once again, the characteristic
length scale for these forces is £5,, and so they should not affect the velocity of the interfaces if Lc > ¢5,. The sharp interface results
could be generalized to include all of these effects, but they produce additional complications, such as the need to track the details of
myosin within the cell.
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Figure S4: Velocity of fluid due to the presence of myosin at the cell boundary. Interface is at y = 0 as above, i.e. ¢ =

1[1 4 tanh(3y/e)]. Here € = 2 um, ¢, = 63 pm, i.e. § ~ 0.01. Note that even though § is small, the velocity to the right of
the interface is not small since C' is O(8°).

3 Tables of parameters used

3.1 Parameters used for all two-dimensional phase field simulations

We mark with an asterisk the parameters that have been changed from the simulations presented in Ref. [3]. Parameters were originally
chosen in [3] to ensure that the cell velocity, actin flow velocity, and midline stress were close to experimentally reported values for
keratocytes; in general, we have attempted not to change these values. Where possible, we have given literature justification for these
parameters.

3.1.1 Phase field and cell boundary properties

Parameter Description Value Justification

vy Cell tension coefficient 20 pN Order-of-magnitude set in [4]

K Cell bending coefficient 20 pN um?  Order-of-magnitude set in [4]

€ Phase field width 2 um Chosen to ensure smooth variation
in ¢

r Phase field relaxation parameter 0.4 wm/s Set in [3]

3.1.2 Cytoskeletal flow parameters

Parameter Description Value Justification

0 Viscosity of cytoskeletal flow 10° pN's/um  Set roughly by [5]; see also [6]

nY Protrusion coefficient 560 pN um 2 Chosen to reproduce shapes and
other features in [3]

nY, Myosin contractility coefficient 60-61 pN um *  Similar to that of [6]; tuned to
increase periodic migration ampli-
tude

13 Substrate friction coefficient 0.5Pas/um  Value arising from cell sitting on

layer of water with height 2 nm [7]

3.1.3 Reaction-diffusion parameters

In the same wave-pinning kinetics as [3] for the reaction term in the actin promoter equation,

2
f(pas p3) =k <K2p_‘ip2 + ka) Pt — kepa (833)



where, by the conservation of total actin promoter, [ dr (pa(r) + pa') ¢(r)

well-mixed (uniform),

= N or, assuming the cytosolic actin promoter is

a °

pcyt _ N}zor - fd27’/)a(r)¢(r)

S = T &@ror) (S34)
We note that this formula was written incorrectly in the Supplementary Material of Ref. [3].

Parameter Description Value Justification

kq Unitless base activation rate 0.012 Order-of-magnitude from [8]

ky, Overall activation rate 10s~! Order-of-magnitude from [8]

k. Deactivation rate 10s~! Order-of-magnitude from [8]

K, Positive feedback threshold for actin promoter concentration 1 um ~2 Order-of-magnitude from [8]

D, Actin promoter diffusion coefficient 0.8 um2/s  Typical membrane-bound protein
diffusion coefficient [9]

DY Myosin diffusion coefficient at zero actin concentration 2 um /s Chosen in [3]

Kp Myosin diffusion threshold, D,,, = D% /(1 + p./Kp) 0.5 um ~2®  Chosen in [3]

N Total amount of actin promoter 485% ¢ Roughly rescaled by cell size from
value chosen in [3] proportional to
cell area

s Initial density of myosin 0.3 um ~2  Chosen such that myosin stress cor-
responds to that estimated in [6]

3.1.4 Adhesion parameters

Parameter Description Value Justification

Nadn Number of adhesions 1000* 9 Roughly rescaled from value cho-
sen in [3] proportional to cell area

Fgorip Characteristic gripping stress for gripping-slipping rupture 5 Pa Chosen in [3] to reproduce traction
forces and shape of keratocytes

kgrip Gripping coefficient 2.5Pa/(s pm) Chosen in [3] to reproduce traction
forces and shape of keratocytes

k:ghp Slipping coefficient 0.25Pa/pum  Chosen in [3] to reproduce traction
forces and shape of keratocytes

Ton Rate of transition from slipping to gripping state 0.005 s~ ! Chosen in [3] to reproduce traction
forces and shape of keratocytes

% Rate of transition from gripping to slipping state (at zero force) 0.002 s~ ! Chosen in [3] to reproduce traction
forces and shape of keratocytes

Tdie Rate of slipping site death 0.2s7! Chosen in [3] to reproduce traction

3.1.5 Numerical evaluation parameters

Parameter Description Value
nxm Number of (horizontal, vertical) grid points 256 x 256
L, x L, Box size 50um x 50pum
At Time step 2 x 1073 s*
A Cutoff for evaluating phase field equations 1074

3.2 Parameters used for each figure

3.2.1 Figurel

forces and shape of keratocytes

For the oscillation in Fig. 1, we start with an initial state of a circular cell with radius 6 pm. We choose 7%, = 61 pN um, and have
an adhesive stripe of total width w = 6um, i.e. x(r) = 1 [1 + tanh(3{% — |[}/€)]. All other parameters are as written in the tables

above.

2The units for this parameter were listed incorrectly in the Supplemental Material of Ref. [3].

bThis is the value used in Ref. [3], though it was listed incorrectly in the Supplemental Material of that work.
This parameter is denoted by p* in Ref. [3].
dThis describes the total number of adhesions over the entire cell. The value of N,qy in Ref. [3] is listed incorrectly, and should be Npg, = 4000 over the whole cell.
The change in adhesion number in this paper roughly corresponds to the change in cell area.



3.2.2 Figure 2

We think of our one-dimensional model as describing a slice down the center of a two-dimensional cell with width w, but with p,
uniform across the x direction. Parameters for the actin promoter reaction-diffusion part of the one-dimensional model are exactly the
same as for the two-dimensional model of Fig. 1; however, the conservation law follows a slightly different form:

w/2 y/2
/ da / / + 03 oly) = N (S35)
L, 2

w/2

or, equivalently,
o — Na'/w — [ dypa(y)d(y)

¢ [ dyo(y)

The parameters unique to the one-dimensional model are o = 0.14um?/s and 3 = 0.068um?/s, mo = 2.43um~2 and 7 = 30 s. The
value for « is determined by the sharp interface result, « = 1° /414, using the two-dimensional simulation parameters. We have set (3,
™Mo, and 7 so that the cell oscillates similarly to the two-dimensional simulation. The one-dimensional model is evaluated on a grid of
512 points with L, = 100 um, with At = 0.01 s.

(S36)

3.2.3 Figure S1

For the turning motion (Fig. S1 top), we start with an initial state of a circular cell with radius 8 pm. We choose 79, = 60 pN um, and
have an adhesive stripe of total width w = 40 um, i.e. x(r) = 3 [1 4 tanh(3{% — |z|}/¢)]. For the bipedal motion (Fig. S1 bottom),
we choose exactly the same parameters, except that we take w = 10 pum. All other parameters are as written in the tables above.

3.3 Robustness of periodic migration to variation in parameters

The bulk of our parameters have been set by comparison with experiments on keratocytes, and are identical to those used in [3]; they
were not selected to observe periodic migration. However, some parameters have been changed in order to ensure that the cells polarize
and migrate on stripes. In particular, we changed N and N,qg, because the cells we study are significantly smaller in area than those
in [3]. We also changed 70, to change the contraction speed and vary the amplitude of periodic migration. Initial simulations have
shown that periodic migration can be observed over wider ranges of parameters as well; varying one parameter at a time, we see periodic
migration at Nyg, = 700, or n2, = 80 pN pum, or N'® = 400. These parameters can be changed more if we change multiple parameters
at once. Our experience with altering the model suggests that periodic migration can be re-created as long as the central polarization
mechanism is in place, the contraction and protrusion are closely balanced, and the myosin effectively keeps the memory.

4 Details of numerical algorithm

4.1 Time-stepping and discretization

Our goal is to numerically solve the system of equations

Orp+u-Vo =T (eV2h — G’( })/€+ ec| V) (S37)
9 (#pa) +V  (¢pat) = V - (6DaVpa) + ¢ f (pa: P7) (S38)
9(dpm) +V - (¢pmu) =V - (9D (pa)Vpa) (839)
V- [od(Vu+ Vu")] + V- (0poly + Tmyo) + Frmem + Fagn — fu =0 (S40)

We fix a uniform spatial grid with grid sizes Az, Ay. We also use a fixed time step At to march these equations forward from initial
conditions ¢(©, u(® p(o) (0) . We denote the state of the system at time ¢ = nAt by ¢(™ u(™, pfln), ,Ogn) Suppose we have obtained
all these quantities at the time nAt. We then solve all the equations (S37)—(S39) to obtain these quantities at the time (n + 1)At.

We first obtain ¢("*1) from the ¢-equation (S37) with the forward Euler scheme:
(b(n-l-l) (b(n) Atll(n) . v¢(n) + AtT |:6v2¢(n) _ G/((b(n))/é + 6c(n) |v¢(n)| )

On the right-hand side of this equation, V(™ is calculated with a central difference scheme, V2¢(™ is calculated by five-point finite
difference scheme, and the curvature term ™) is calculated by

A\

() —v.
‘ Vo]

when |[V¢(™)| > 0.01, and set to be zero otherwise.



We next solve Eq. (S38) and Eq. (S39) to obtain p(nH) and pgn n+1) , respectively. We apply the forward Euler scheme to the reaction-
diffusion-advection equation (S38):

pgﬂ’l) ((1") q[/)(n—‘,-l) _ ¢(n)
o™ + piM) = - - (¢ pMa™) 4 v . (¢ D, V) 4 () f()
At At
Equivalently,
(n) _ g(n+1) V- (6™ piMg(n) V- (™D, vl
(n+1) _ (29 ¢ ) (n) _ (6™ pa ™) (¢ aVpa') (n)
oy B E— s At o) + At ey + Atf (S41)

We only divide by ¢(™ in the region where ¢(™ > )\, where A\ = 10~*. Outside of this region, we keep p(nﬂ) pg”). More

specifically, we have use the following discretization:

_ | 4™ (n) D) (n) (n)
. [¢2+1/2,jpa i+1/2,5 7,+1/2] ¢z 1/2, jpaz 1/2] i— 1/2 ]:| /A.’E

1j
(n) n) (n) (n) (n)
|:¢Zj+1/2pa’bj+1/2 'L]+1/2 ¢zj 1/2+pazj 1/2 zg 1/2] /Ay
(n) (n) (n) (n)

n n () Paitly ~ Paij ) Paij ~ Pai-1,
[V (" Duvp)] = D [@H/wm—%—lmm /s
/8

where u(n) ( 5]”), z(]")) We apply the analogous forward Euler scheme to the p,,,-equation (S39). Since the diffusion coefficient

D,, = Dm(pa) depends on p,, we discretize the diffusion term at a grid point labeled by (i, 7) as follows

{v (™ pgpu(n))}

(n) (n) (n) (n)
o™ Payij+1 ~ Paij _ ™ Payij ~ Pa,ij—1

i,5+1/2 Ay i,i—1/2 Ay

V- ("D
ij
pm (n) (n)

_ (ZS(H)D'E‘:)U + QSE:’:-)I .J 1(’T?)i+17] p¢(1nz)+1,] - pt(znz)] _ ¢(H)D'E:)zj + ¢57L)1,] m,i— 1,] Pa K7 pa ,ai—1,9 /A
2 Az 2 Ax

() p) () pyn) (n) (n) (n) p(n) () pn) (n) (n)
+ ¢ ng+¢z]+1 m,i,j+1 . paz,j+1 pa,ij N ¢ij ng+¢1j 1 m,s,j—1 pazj paz,g 1 /Ay
2 Ay 2 Ay
where Dfn )Z ;= Dmn ( pfl 1)]) To keep p,,, conserved and reduce its drift, we rescale p,, at each time step so that the total integral of p,,, is

kept a constant. We note that we have corrected the position of the non-constant diffusion coefficient in the p,, equation in [3].
Finally, we solve the Stokes equation (S40) with a semi-implicit Fourier spectral scheme to obtain u®*t To do so, we first subtract
the term 19V 2u from both sides of the Stokes equation (S40) with ¢ a constant (e.g., ¢ = 2) to yield

fll - VO‘;vzu =V VO(¢) - (ZNS)VII + VOQZ)VUT) +V. (Upoly + Umyo) + Fmem + Fadh = RHS(“? ¢a Pas pm)

(n+1)

To obtain 1) we set u; = u(™ and solve the following equation iteratively using the spectral Fourier method:

cul Y — ppV2u Y = RHS ("™, gD plnt D) pnthy = 0,1, m

and set u(®*+1) = u,(ﬁ +1 The calculations of V - (Gpoly + Tmyo); Fimem and Fagh are performed as in [3]. The number of steps m in this
iteration is set to be m = 10 or set by

max [u{" Y — u%fll” < 0.01 maxju(" V|,

Shifting of the simulation box when the cell approaches the box edges is performed as in [3, 4].

4.2 Adhesion dynamics and calculation of adhesion force

The adhesion dynamics are precisely as given in [3], except that adhesions do not form off of the adhesive stripe, and are destroyed if
they leave the stripe. For completeness, we summarize these dynamics here.

Adhesions between the cell and substrate are tracked individually; there are a fixed number N,q, of adhesions, and if one is destroyed,
another one is created. The probability of adhesion formation is proportional to p, and to ¢, resulting in nascent adhesions being more
likely to form at the front of the cell. We compute the initial adhesion location by a rejection method: we propose an adhesion location



rg distributed uniformly in the region |z| < ¥, where w is the total width of the adhesive stripe, and accept that adhesion location with
probability p = p,(ro)¢/max(p,). Adhesions are destroyed if they leave the stripe (i.e. have || > %) or if ¢ < 1/2 at the adhesion
location.

Adhesions are advected by the cytoskeletal flow, u; in practice, we choose the adhesion velocity to be the velocity u at the nearest
grid point to the adhesion location.

Adhesions have two modes: “slipping” and “gripping.” Adhesions are formed in gripping mode. When an adhesion is formed or
transitions into gripping mode, its initial position ry is noted. The gripping adhesion acts as a spring stretched from its initial location
(where the adhesion attaches to the substrate) to its current location. It thus exerts a force on the cell of

Forip = —kigrip(r — 1) (S42)

By contrast, a slipping adhesion exerts a force

Fqip = —kgipu(r) (S43)
where r is the adhesion position. We assume that the adhesions mature over time: Kgip = kgriptadh and kgip = kﬁiptadh where t,4pn 18
the age of the adhesion site. Adhesions may transition between slipping and gripping, and slipping adhesions may disappear. Gripping
adhesions rupture and become slipping adhesions with a force-dependent rate 7ot = 0y exp(|Fgrip|/Fp), with Fy the gripping strength
scale. Slipping adhesions may return to gripping mode with a rate r,,, and disappear with a rate 4. To calculate the force density Fog,
that enters into the Stokes equation, forces on adhesions are distributed to the nearest grid point; we therefore list the appropriate units
in terms of forces per unit area. (We note that [3] incorrectly describes the force as being spread over the closest four grid points.)
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