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Abstract

Spline’s exactness is firstly mentioned in [20] by Schoenberg in 1946. In this

paper, we further investigate the relationship between the spline’exactness and

its span, and construct a special spline with minimal span when its exactness

reach the maximum. Then, we consider how to describe the above problem with

multivariate mathematical tool when we extend the univariate case to multivariate

one so that we can continuously investigate certain multivariate box splines with

their exactness and span.
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134 &�]�U�% 2006 �W[20]x, .nLU;0�:�G 1.1. U;WB~4LB�T F (x) 0�{	0�L!w:

(1) F3�q6T�)� k − 1 LhZ]�D_�,;

(2)F (x) ∈ Ck−2(−∞,+∞);

(3) C k {�T?, F (x) 7iTS{:S; C k {�T?, F (x) 7�iS (x = n +
1
2 , n = 0,±1,±2, · · ·) {:S.\+b{ k 9.n, ��(Æ Πk(x).ef, ��+ Πk(x) OG6T k − 1, j$! k − 2. FU;[m, Π1(x) H3r9h�T, bBW x = n + 1

2 4�j$. Π2(x) H3rp(Lc��T, �TSWiS x = n..n�TL}0!LWH[7gB.nL�!�
bKG_"�L{	3U9T�j$!L�L.n. ��L�0v�2LHKs)`.nLfU�!�
, 75bxZ0�.nL��fPL!w. 0��Gf�X�, ��*JL.nTre{N/Q (/Q{ 1) L��H��TL.n.�G 1.2. +F0��<D�RL�T{ k 9 B- .n:

Mk(x) :=
1

2π

∫ +∞

−∞
(
sin u/2

u/2
)k eiuxdu (k = 1, 2, · · · ;−∞ < x < +∞). (1)W[20]x, Schoenberg s0o B- .nL'hqD,

Mk(x) =
1

2π

∫ +∞

−∞
(
sin u/2

u/2
)k eiuxdu =

1

(k − 1)!
δkxk−1

+ (2)�� B- .nHOG��@l*!L k 9.n�T.����Lv�LH7 k 9 B- .n (1) "�fh�T
gk(u) =

∫ +∞

−∞
Mk(x)eiuxdx =

∫ +∞

−∞
Mk(x) cos uxdx (3){vOb*J��.n�T!wL. �xQarN�,hH<{ Mk(x) {��T. Æ&ef

gk(u) = ( sin u/2
u/2 )k.�G 1.3. 0�|�D

P (x) =
∞∑

n=−∞

P (n)F (x − n) (4)[Hu] k 6]�DT,h, \+.n F (x) OG k 6GX, ern2�BN.H0�L|�D
xν =

∞∑

n=−∞

nνF (x − n) (ν = 0, 1, · · · , k) (5),h.�G 1.4. .n F (x) OG^X s, Hr F (x) L@l*!L Lebesgue $X{ s. $, ��T F (x) C x > s/2 ?{ 0, BH[ x > s′/2(s′ < s), F (x) ��w#{ 0.



2 � a-�O: /o�UHYM���k+K 135u5,��s0o�n.n F (x)L 4rr�: 6Tm(Dm), j$! µ(Cµ), GX k(Ek),^X s. Schoenberg W[20]Lv��0HxZfPL.n, 7{	sUL6T, j$!, GX,^X.W>7��L�0v�n�, ��
sU3r.nGXL�UUd, b2H�����0v�L��0Ldx5N.�3 1.1. u.n F (x) Lfh�T{ g(u), .n F (x) OG k − 1 6GX, 0���mrn2r?,h:

(1) u = 0 { g(u) − 1 L k }t,

(2) u = 2πn(n 6= 0) { g(u) L k }t.

1.2 B- B:(68J#7�'�AMFH��H7 k 9 B- .n (1) "�fh�T (3) {vOL, <5G�0N
>73�
B- .n"�fh�TL3n!w.�3 1.2. k 9 B- .n (1) OG6T k − 1(Dk−1), j$! k − 2(Ck−2), GX 1(E1),7"^X k.F k 9 B- .n (1) Lfh�T{ gk(u) = ( sin u/2

u/2 )k, ���:GUd 1.1, V1ATB Laurent ^U, Æ/9KG4�L:x.�3 1.3. +:L.n Πk(x) T
Æz3�E,0��D,

Πk(x) =
∞∑

n=−∞

ynMk(x − n), (6)�x yn HJC!UL�T. 4�LD�FH Mk(x) L@l*!, _7�&HLlL. <5
Πk(x) H@l*LC�BC {yn}

∞
n=−∞ sGG�rgsO[.

1.3 B:�,�%0�L)�!=
Schoneberg W[20]xxZo4%rfPL.n, b�{	3ULGX�^X. <5, GX�^Xn/L|��&L,{o��_0WvL�j. 1,n, Πk(x) LGX�>
<G]6? CGX<G�>L?�, Πk(x) L^X��
<G]6?��L:x�=oer�j.�3 1.4. k 9.n Πk(x) 
<GLGX�>pH k − 1, 5?^X_
<GL��pH

s =







2k − 2 C k H�T,

2k − 1 C k H�T.
(k ≥ 2) (7)K4. N
Wv k 9.nxOG��^XL B- .n Mk(x),

Mk(x) =
1

2π

∫ +∞

−∞
(
sin u/2

u/2
)k · eiuxdu, (8)



136 &�]�U�% 2006 �FH Mk(x) Lfh�T{ gk(u),

gk(u) =

∫ +∞

−∞
Mk(x) · e−iuxdx = (

sin u/2

u/2
)k (9)Flh�L�|dxmJ

(
sin(u/2)

u/2

)k

=

[
1

u/2
·

(
u

2
−

(u/2)3

3!
+

(u/2)5

5!
− · · ·

)]k

=

(

1 −
(u/2)2

3!
+

(u/2)4

5!
− · · ·

)k

= 1 + u2 · (|H u L�rj\�T).$
(

sin(u/2)

u/2

)k

− 1 = u2 · (|H u L�rj\�T). (10){ gk(u) − 1 W u = 0 4H 2 }t.tv, /9mJ ( sin(u/2)
u/2 )k W u = 2πn(n 6= 0) 4H k }t, 8_ Mk(x) LGX{ 1,��G^X k.�6Wv k 9.nxOG6�^XL�T L(x), FUd 1.3, 6�L^XH k + 2, 5?

L(x) OG0�L�D:

L(x) = y−1Mk(x + 1) + y0Mk(x) + y1Mk(x − 1), (11)�x y−1 = y1. ��bWvC#T y−1, y0, y1 !fULp?, L(x) LGX�]
<G]6.,&Wv L(x) Lfh�T gk(u), 5?
gk(u) =

∫ +∞

−∞
L(x) e−iuxdx

=
(
y−1 eiu + y0 + y1 e−iu

)
(

sin(u/2)

u/2

)k

,gB Laurent ^U, G
gk(u) =

(

1 −
u2

24
+ · · ·

)(

y0 + 2y1

(

1 +
(iu)2

2!
+

(iu)4

4!
+ · · ·

))

=

(

1 −
u2

24
+ · · ·

)(

(y0 + 2y1) + 2y1 ·
(iu)2

2!
+ · · ·

)FH y0, y1 H#�n, ��[7!UfPL y0, y1, CK4�L Laurent ^UD{	:

a) (T�{ 1,

b) u2 ��T{ 0.e?��LG
gk(u) − 1 = u4 · (|H u L�rj\�T). (12)



2 � a-�O: /o�UHYM���k+K 137{, gk(u) − 1 W u = 0 4H 4 }t. tv, /9mJ gk(u) W u = 2πn(n 6= 0) 4H k }t. 8_C^X6� (s = k + 2) L?�, k 9.nLGX�>[7<G 3.r.L, C s = k + 4 ?, [?L k 9.nLGX�>[7<G 5.�:G gk(u) W u = 2πn(n 6= 0) 4H k }t, FUd 1.1 m, �[
G k 9.nLGX)� k − 1. {_, 4�Lcbct, C s = 2k − 2(k {�T) ?, GX[7<G k − 1, 5� s V]>, GX��V]>; C s = 2k − 1(k {�T) ?, GX[7<G k − 1, 5� s V]>, GX��V]>.Goe��
v�, ��[7X�UdxL�0:x. -UGX{ k − 1 (5?�d:
k {�T) ?, ^X_
<GL��p{ 2k − 4, �~�b4�L:x, e?GXu]
<G
k − 3, KGX{ k − 1 H}\L.FH[20]0�L?/8Y, �%U�*HjWv�5�j, �dfP�6o.nc�L�), 	a Prof. Carl de Boor, Prof. Amos Ron N, BHT|s0�%L=l.

2. �H box C;�-�&1�
2.1 E?�G%�$�G 2.1. [H+:L[}! X = {x1, . . . , xn} ⊂ Rs\{0}, 〈X〉 = spanX = Rs, box.n B(x|X) F0�|�U;:

∫

Rs

f(x)B(x|X)dx =

∫

[− 1

2
, 1
2
]n

f(t1x
1 + . . . + tnxn)dt1 . . . dtn, ∀f ∈ D(Rs) (13)�x D(Rs) �EU;W Rs 4��6[yL@l*�T#l.��Wef"B�8pBL]Ok�: α, β ∈ Zs, α = (α1, . . . , αs), |α| = α1+. . .+αs,

xα = xα1

1 . . . xαs

s , α! = α1! . . . αs!,
(α
β

)
= α!/β!(α − β)!. ��( P {B]�D#lx,L]/, Pk {_G6T�)� k LB]�D#lx,L]/,

Pk = Pk(R
s) =







∑

|α|≤k

cαxα : cα ∈ R






.

Di,D
α {yh\�,

Dif(x) =
∂

∂xi
f(x), Dαf(x) =

∂|α|

∂xα1

1 . . . ∂xαs

s
f(x).efdxL box .n{	 X ⊂ Zs, ���!wW[8], [9], [14], [15], [16] xG�
L>7. FH Carl de Boor W[8],[9]_"BLk�8�d<, ��Wef_"BLH W. Dahmen� C. A.Micchelli W[14], [15], [16] x_"BL(�. ��{oK3OL�`
.3v, _"BL�h M{ (13) xL [−1

2 , 1
2 ]n, _�H Carl de Boor, W. Dahmen � C. A.MicchelliN(BL [0, 1]n.
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box .nx3r}0L*J[�H]/

`(X) = span{B(x − α|X) : α ∈ Zs}. (14){o
u�L�R]/ (14) xL]�D, ��U;%r|H Box .nL!
,

Ŷ (X) = {Y ⊂ X : 〈X\Y 〉 6= Rs} (15)

f(x) Lc�ET Dyf(x), y ∈ Rs U;{
Dyf(x) =

∑

yiDif(x) (16)(
D(X) =

{

f : f ∈ C∞(Rs),DY f = 0, Y ∈ Ŷ (X)
}

(17)ef DY =
∏

y∈Y Dy, �d,

D(X) =
⋂

Y ∈Ŷ (X)

ker DY . (18)

2.2 .@5� box B:�,�[H]O box .nWvLHW]/
`(X) = span{B(x − α|X) : α ∈ Zs} (19)x, C.nLGX<G�>L?�, �?L^X��{]6. FH^XGB4LH.n�T@l*!L$X, <5��B supp b�E^X. W]O�`�.nGX��\�, �����[15],[16]xBGLcbb@m.nLGX.�G 2.2. F|�D:

(Sφf)(x) =
∑

α∈Zs

f(α)φ(x − α) (20)%UL|H φ(x) L\�+{ Schoenberg \�..nGXW]OL�`��BLHrW Schoenberg \��B�
.��L]�DL�o6T.��L�0	LHW `(X) x)` φ(x), CK φ(x) [?L Schoenberg \� Sφ [
D(X) 
.��, �� supp φ 
<G��. Sφ [ D(X) 
.��, Hr[+:L f(x) ∈

D(X), WG (Sφf)(x) = f(x). er�j6I!hLF W.Dahmen � C.A.MicchelliW[14]x<S, a�s0o0�LUd:�3 2.1. u X ⊂ Zs\{0} {G�[}!� 〈X〉 = Rs. \[H+:L y ∈ Rs\c(X),;WTq {dα : α ∈ b(x|X)} CK Schoenberg \� Sφ [ D(X) 
.��. ef φ(x) =
∑

β∈b(x|X) dβB(x + β|X).



2 � a-�O: /o�UHYM���k+K 139Æ&efxZL φ(x){	 supp φ(x) =Vols

(
⋃

α∈b(y|X) (X[0, 1]s + α)
)

. B supp φ(x)s0L�g��L�=. {oX�e3S, ��bVM��hL B(x|X).C s = 2, e1 = (1, 0), e2 = (0, 1), ��
X = {e1, . . . , e1

︸ ︷︷ ︸

m1

, e2, . . . , e2

︸ ︷︷ ︸

m2

}e? B(x|X) H_n��DL box .n, 2$
B(x|X) = Mm1

(x1) · Mm2
(x2). (21)e{�`�Æ/9KGUd 1.4 L0�t}:�3 2.2. C s = 2 � X = {e1, . . . , e1

︸ ︷︷ ︸

m1

, e2, . . . , e2

︸ ︷︷ ︸

m2

}, ;W φ(x) ∈ `(X), CK Schoen-

berg \� Sφ [ D(x) 
.��, r? supp B(x|X) <G��L
(

m1 −
(3 + (−1)m1)

2

)

·

(

m2 −
(3 + (−1)m2)

2

)

. (22)k�LcbKUd 1.4 w#cY, s"0�: (21) $[.

2.3 +E�� O[H3�L B(x|X), FUd 2.1 [7
k `(X) x.n�T[ D(X) L%p@TGX,BH0�b%U φ(x) ∈ `(X) CK supp φ(x) <G��$H3r8lUL�j. �?Cr0LH, Ud 1.4 �Ud 2.2 L)���@l*Lcb[H3�L B(x|X) ��JB. bsHg[fP�DL.n�T_"!LfPcb_6.�:GW]OL�`�HB D(X) @m3OL.nGXb�n.n�TL%p!wLDrL. W ([16]) x W. Dahmen � C.A. Micchelli =2o Pφ, ��dxo PB(x|X) �
D(X) n/L|�, r0o D(X) H PB(x|X) L3re8���]/. P (x) Le8���]/HrbL�! P {	

a) P H ∏ L�]/;

b) [+:L p ∈ P , G p(ax + y) ∈ P , �x a ∈ C,y ∈ Rs.[ PB(x|X) L+:3rf8���]/ P , W. Dahmen � C.A. Micchelli k�o P ⊆

`(X), �� Schoenberg \� Sφ H P 4LW8. <5��[7Æ�&LWv PB(x|X) L >e8���]/ P ′,  >e8���]/LHr2o�;, �G�L���]/[7	a
P ′. WA~�`� P ′ K D(X) �N? Hj[7B P ′ @m D(X) b�n]O.nL%p!w? 2LHXHj;W φ(x) ∈ `(X) CK Schoenberg \� Sφ [ P ′ 
.��? 0�;We.L φ(x), [7C3�Wve.L φ(x) Hjz3, 0��z3, 0�)`OG��@l*!L φ(x)?
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