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DIRECTIONAL ERGODICITY AND WEAK MIXING FOR ACTIONS OF

Rd AND Zd

E. ARTHUR ROBINSON JR, JOSEPH ROSENBLATT, AND AYŞE A. ŞAHİN

Abstract. We define notions of direction L ergodicity, weak mixing, and mixing for a
measure preserving Zd-action T on a Lebesgue probability space (X,µ), where L ⊆ Rd is
a linear subspace. For Rd-actions these notions clearly correspond to the same properties
for the restriction of T to L. For Zd-actions T we define them by using the restriction of

the unit suspension T̃ to the direction L and to the subspace of L2(X̃, µ̃) perpendicular to
the suspension rotation factor. We show that for Zd-actions these properties are spectral
invariants, as they clearly are for Rd-actions. We show that for weak mixing actions T in
both cases, directional ergodicity implies directional weak mixing. For ergodic Zd-actions T
we explore the relationship between directional properties defined via unit suspensions and
embeddings of T in Rd-actions. Genericity questions and the structure of non-ergodic and
non-weakly mixing directions are also addressed.

1. Introduction

Given an ergodic measure preserving Zd-action, T = {T ~n}~n∈Zd, it is natural to ask which
dynamical properties of the action are inherited by its subgroup actions. Namely, if T has
some dynamical property and Λ ⊆ Zd is a subgroup, does the restricted action T |Λ :=
{T ~n}~n∈Λ have this property? This question is well understood in the case that Λ is a finite
index subgroup of Zd. Any other nontrivial proper subgroup Λ ⊆ Zd satisfies Λ ≈ Ze for some
0 < e < d, and there is a linear subspace L ⊆ Rd such that Λ = L∩Zd ∼ Ze. We will refer to
linear subspaces L ⊆ Rd as e-dimensional directions in Rd, and if Λ = L ∩ Zd ∼ Ze, we call
L a rational direction. Using this terminology, for subgroups Λ that correspond to rational
directions, the dynamical properties of T |Λ are referred to as the directional dynamics of the
action T in the direction L.
In the 1980’s Milnor ([23], [22]) introduced a more general notion of directional dynamics,

where he proposed a means of studying the dynamics of a Zd-action along arbitrary, not
necessarily rational, directions. He defined directional entropy, which he used to refine the
classification of Zd-actions of zero entropy up to isomorphism. The study of directional
dynamics has led to other productive lines of research, the most notable among these being
Boyle and Lind’s work on expansive sub-dynamics [4]. In this paper we define and study
directional ergodicity, weak mixing, and mixing for Zd-actions.
There are two approaches in the literature for defining directional properties of Zd-actions

in an arbitrary direction L in Rd. The first approach, which follows Milnor’s original definition
of directional entropy, is to study a direction L property by studying transformations {T ~ni},
for vectors ~ni ∈ Zd that approximate L in some way. The second approach is to use the unit

suspension T̃ of T , which is an Rd-action (albeit on a different space). Since any direction
L corresponds to a subgroup of Rd, one can study the corresponding dynamical property

of the L-action T̃ |L := {T̃ ~ℓ}~ℓ∈L obtained by restricting T̃ to L. These two approaches are
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2 ROBINSON, ROSENBLATT, AND ŞAHİN

equivalent for directional entropy [24] and for directional recurrence [14], but there are also
directional properties for which they are not equivalent [8]. In this paper we adopt the second
approach and define directional ergodicity, directional weak mixing, and directional mixing
for an ergodic Zd-action T using its unit suspension. In order to do so, we first study these
directional properties for Rd-actions.
In their 1971 paper [25], Pugh and Shub considered the question of the ergodicity of a single

transformation S = T~t0 from an ergodic measure preserving Rd-action T = {T~t}~t∈Rd. This is

equivalent to studying the ergodicity of the Z-action S = {T k~t0 }k∈Z. They showed that S is
not ergodic if and only if the spectral measure of the R action gives positive measure to the
linear subspace {~t0}⊥. In this paper we extend the work in [25] in several ways. We show
that the L-action T |L, obtained by restricting an Rd-action T to an e-dimensional subspace
L ⊆ Rd, is not weak mixing if and only if there exists ~ℓ ∈ L so that the spectral measure of

T gives positive measure to the affine subset L⊥ + ~ℓ. It follows, using the case ~ℓ = ~0, that
T |L is not ergodic if and only if L has positive spectral measure.
Our main interest in this paper is to study directional ergodicity and weak mixing of Zd-

actions T , and moreover, to do this by studying the corresponding properties of their unit

suspension Rd-actions T̃ . In doing this we encounter a new technical issue, caused by the fact

that T̃ always has a rotation factor: the toral rotation introduced by the suspension. Thus it
is not weak mixing in any direction, and not ergodic in any rational direction L. This lack of

directional ergodicity in T̃ is not related to the dynamics of T , so it is possible that T might

be ergodic or weak mixing in some of those directions even though T̃ is not.
We circumvent this technical issue by working in the closed subspace of L2 orthogonal to

the suspension rotation factor, and once this is done we obtain results almost identical to the
Rd case. We show that both directional ergodicity and directional weak mixing are spectral
properties of T , even for directions L that are not rational. We show that in a rational
direction L, the definitions of directional ergodicity and weak mixing using T̃ coincide with
the usual definitions of ergodicity and weak mixing for the restriction T |Λ to the subgroup
Λ = L∩Zd. For those weak mixing Zd-actions T that embed in an Rd-action T we show that

T is weak mixing in the direction L if and only if the restriction T
|L

weak mixing. We show
a similar result for ergodic actions and ergodic directions.
Pugh and Shub use their spectral characterization of non-ergodicity at time t0 to show

that for an Rd action T , T~t0 is ergodic for all ~t0 off a countable union of affine subsets
in Rd. Analogous to their work, our spectral characterizations of directional ergodicity and
directional weak mixing lead to a description of sets of directions of any dimensions 0 < e < d
where these properties fail. We also show how to realize an example of a Zd or Rd-action
that is directionally ergodic or weak mixing for any such set of directions. Finally, we prove
the somewhat counterintuitive result that if T is a weak mixing Zd (or Rd) action, then T is
ergodic in direction L if and only if it is weak mixing in direction L.
In the last part of the paper we show that a strongly mixing Zd action is mixing in every

direction and turn to questions of genericity. Ryzhikov [27] shows that a generic Zd-action T

is weak mixing and embeds in an Rd-action T such that T
|L

is weak mixing for every L ∈ Gd.
Our Corollary 6.6, says that if a weak mixing Zd-action T embeds in an Rd-action T , then T
and T have the same weak mixing directions. Combining these two, we see that weak mixing
and weak mixing in all directions are generic properties for Zd actions. We end the paper
with a direct proof of this fact using our spectral characterization of directional weak mixing.
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There has been other work in directional recurrence properties of discrete group actions.
In [14] Johnson and the third author investigated directional recurrence properties of infinite
measure preserving actions of Zd. That work has been generalized by Danilenko [8], who also
investigated directional rigidity properties of infinite measure preserving actions of Zd and of
the Heisenberg group. In particular, Danilenko [8] establishes a framework for studying these
questions for groups Γ that are lattices in simply connected nilpotent Lie groups. Relevant
to the questions we address in this paper we note that in the infinite dimensional case the
definitions for directional recurrence [14] given by approximants in the Zd-action and the
unit suspension are equivalent. However, they are different for directional rigidity and the
question for recurrence in the case of groups Γ as described above remains open [8]. More
recently Liu and Xu ([19],[20]) have defined directional properties intrinsically and studied
their relationship to spectrum.
The authors would like to acknowledge Vitaly Bergelson who initially posed to us the

question of how to define directional ergodicity and weak mixing for Zd actions. We also
thank Robert Kaufman for several valuable suggestions regarding Rajchman measures and
Kronecker sets in the plane.

2. Basic definitions and motivating examples

In this section we remind the reader of basic definitions from the spectral theory of ergodic
actions, establish notation, and provide details for some basic examples that motivate the
results in the paper. We refer the reader to [11] or [15] for omitted details.

2.1. Group and subgroup actions. Let G be a second countable locally compact abelian
group (from now on we simply call G a group, and use additive notation). We will consider
measurable and measure preserving G-actions T = {T g}g∈G on a Lebesgue probability space
(X, µ). In particular, T consists of a map (g, x) 7→ T gx : G×X → X that is measurable with
respect to the Borel sets in G. Moreover, for each g ∈ G, T g : X → X is a measure preserving
transformation, the map g 7→ T g is continuous in the weak topology, and T g

(
T h(x)

)
=

T h (T g(x)) = T g+h(x) for all g, h ∈ G. We often just refer to T = {T g}g∈G on (X, µ) as the
G-action T .
Let H ⊆ G be a closed subgroup. The restriction of T to H , denoted by T |H , is the

H-action on (Xµ) defined by T |H = {T h}h∈H .
In this paper, the group G will usually be either Zd or Rd or a nontrivial closed subgroup

of one of these. For G = Rd, the subgroups that will mostly interest us will be the the linear
subspaces L ⊆ Rd.

Definition 2.1. For 0 < e < d an e-dimensional linear subspace L ⊆ Rd is called an
e-dimensional direction in Rd.

The set of all e-dimensional directions in Rd is an e(d− e)-dimensional compact manifold,

called the Grassmanian, and denoted by Ge,d (see [3]). We define G0,d = {~0} andGd,d = {Rd},
and we write Gd := ∪d

e=0Ge,d.
The nontrivial subgroups H ⊆ Zd are all closed, and they all satisfy H ∼ Ze for some

0 < e ≤ d. Letting L = span(H) ⊆ Rd we have that L ⊆ Rd is an e-dimensional linear
subspace (that is, L ∈ Ge,d).

Definition 2.2. We call L ∈ Ge,d a rational direction if there exists Λ ⊂ Zd with Λ ∼ Ze so
that Λ = L ∩ Zd. L is called an irrational direction if L ∩ Zd = ∅.
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Note that in the case d = 2 if L is not rational then it is irrational, but this is not true for
d > 2.

2.2. Duals. The dual group Ĝ of a group G is the set of characters of the group, namely
the set of all continuous homomorphisms γ : G → S1 = {z ∈ C : |z| = 1} with pointwise

multiplication. With the compact open topology, Ĝ is also a second countable locally compact
abelian group.

For a closed subgroup H ⊆ G, the annihilator of H is defined by H⊥ := {γ ∈ Ĝ : γ(h) =

1 for all h ∈ H} ⊆ Ĝ. One has Ĥ = Ĝ/H⊥, and H⊥ = Ĝ/H.

Definition 2.3. We let π : Ĝ → Ĝ/H⊥ = Ĥ denote the canonical projection.

For a linear subspace L ⊆ Rd, we identify the dual L̂ of with L itself by identifying ~ℓ ∈ L
with the character

(2.1) ~ℓ(~t ) = e2πi (
~ℓ·~t ).

In this case L⊥ is just the perpendicular subspace. Similarly, we identify R̂d = Rd.
The dual group of Zd is Td = Rd/Zd ∼= [0, 1)d, where ~a ∈ Td is identified with the character

(2.2) ~a (~n ) = e2πi(~a·~n ).

If Λ ⊆ Zd is the maximal subgroup in an e-dimensional rational direction L ⊆ Rd then (2.2)
implies that Λ⊥ = π(L⊥) ⊆ Td, where π : Rd → Td = Rd/Zd is the canonical projection. In

this case, Λ⊥ ⊆ Td is a closed (d−e)-dimensional sub-torus, and one has Λ̂ = Ĝ/Λ⊥ ∼ Te. In
the non-maximal case H ⊆ Zd one has H⊥ = π(L⊥) + F where L = span(H) and F ⊆ π(L)
is a finite subgroup. Geometrically, H⊥ ⊆ Td is a finite union of closed (d − e)-dimensional

subtori, and Ĥ = Λ̂/F̂ ∼ Te.

2.3. Eigenvalues and the spectral type. For a G-action T , we say f : X → C, f ∈
L2(X, µ), is an eigenfunction corresponding to eigenvalue γ ∈ Ĝ if f(T gx) = γ(g)f(x) for
all g ∈ G and µ a.e. x ∈ X . In particular, an invariant function f ∈ L2(X, µ), i.e.

f(T gx) = f(x) for all g ∈ G, is an eigenfunction for eigenvalue 0 ∈ Ĝ. The set Σ ⊆ Ĝ of
eigenvalues of T is called the point spectrum of T .
A G-action T is ergodic if the constant functions are the only invariant functions. A G-

action T is weak mixing if the constant functions are the only eigenfunctions. The following
is standard.

Lemma 2.4. Let T be an ergodic G-action. Then

(1) all eigenvalues are simple (each eigenfunction f is unique up to a constant multiple),
(2) all eigenfunctions f have constant absolute value µ a.e. (up to a constant multiple we

may assume |f | = 1), and

(3) the set Σ ⊆ Ĝ is an (at most) countable subgroup.

The Koopman representation for a G-action T is the unitary representation of G on the
(complex) separable Hilbert space L2(X, µ), UT = {Ug

T}g∈G, defined by (Ug
Tf)(x) := f(T gx).

For any f ∈ L2(X, µ) one defines the correlation function

(2.3) ϕf (g) := (Ug
Tf, f) =

∫

X

f(T gx)f(x) dµ.
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The function ϕf is positive definite on G so by Bochner’s Theorem, there exists a unique

finite Borel measure σf on Ĝ with ϕf as its Fourier transform (see [15]):

(2.4) ϕf(g) =

∫

Ĝ

γ(g)dσf(γ).

Assuming T is implicitly known, we call σf the spectral measure for f .
Many of our arguments depend on consequences of the spectral theorem for unitary repre-

sentations of G (see [15]). Most of what we will need is included in the following proposition.

Proposition 2.5. Suppose T is a G-action on (X, µ) and let UT be the corresponding Koop-
man representation of G on L2(X, µ). Let UT |F be the restriction of UT to the closed UT

invariant subspace F ⊆ L2(X, µ). Then there exists f0 ∈ F so that for any f ∈ F the
corresponding spectral measures satisfy σf ≪ σf0. Conversely, for any σ ≪ σf0 there is an
f ∈ F so that σ = σf . Moreover, if σf1 ⊥ σf2 for f1, f2 ∈ F then Ug

Tf1 ⊥ f2 for all g ∈ G.

Note that σf0 is unique up to Radon-Nikodym equivalence. We call f0 and σf0 , respectively,
a function and a measure of maximal spectral type for UT |F .
By Proposition 2.5 there exists f∗ ∈ L2(X, µ) that is a function of maximal spectral type

for UT on L2(X, µ). We call the measure σT := σf∗ (unique up to equivalence) the spectral
measure for T . Let L2

0(X, µ) = {1}⊥ ⊆ L2(X, µ). By Proposition 2.5 there is also is a function
(also unique up to equivalence) f0 ∈ L2

0(X, µ) of maximal spectral type for the restriction
UT |L2

0(X,µ). We call σT
0 = σf0 the reduced spectral measure for T .

If two G-actions T and S are metrically isomorphic, then their Koopman representations
are UT and US are unitarily conjugate (also called spectrally isomorphic), and thus by the
spectral theorem (see [15]), their reduced spectral measures σT

0 and σS
0 (and their spectral

measures σT and σS) are equivalent. Thus the spectral measures and reduced spectral mea-
sures are isomorphism invariants for G-actions T .
The following results are well known (see e.g., [15]).

Lemma 2.6. Let T be a G-action. Then γ ∈ Σ if and only if σT ({γ}) > 0 (i.e., γ is an
atom).

Corollary 2.7. Let T be an ergodic G-action. Then

(1) σT
0 = σT − σT ({0})δ0, where δ0 denotes unit point mass at 0 ∈ Ĝ, and

(2) T is weak mixing if and only if σ0 is non-atomic.

Lemma 2.8 (see Theorem 3.16 in [15]). Let T be an ergodic G-action and let γ ∈ Σ. Define

τγ : Ĝ → Ĝ by τγ(ω) = ω + γ. Then σT ∼ σT ◦ τγ, where ∼ denotes the equivalence of
measures.

For notational convenience we will use ς to denote spectral measures of actions of contin-
uous groups and σ to denote spectral measures of actions of discrete groups.

2.4. Properties of subgroup actions. It is a straightforward observation for H ⊆ G a
closed subgroup that if T |H is ergodic then T is also ergodic (ergodicity passes to supergroup
actions). Thus, if T is not ergodic then no restriction T |H of T can be ergodic. The same
statements hold for weak mixing. The next two examples, and the discussion in the remainder
of the section, indicate that the converse statements are not generally true and motivate the
focus of the paper.
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Example 2.9. Let T1 and T2 be measure preserving Z-actions on (X, µ). Define the product
type Z2-action T1 ⊗ T2 by

(T1 ⊗ T2)
~n(x1, x2) = (T n1

1 x1, T
n2
2 x2),

~n = (n1, n2). Let Λ1 = {(n1, 0) : n1 ∈ Z} and Λ2 = {(0, n2) : n2 ∈ Z} be the vertical and

horizontal subgroups of Z2. Clearly the restrictions T
|Λ1

1 and T
|Λ2

2 are not ergodic since they
correspond to the Z-actions T1 × Id and Id × T2. However, it is easy to see that T1 ⊗ T2

is ergodic (or weak mixing) if and only if T1 and T2 are ergodic (or weak mixing). Indeed,

if F
(
(T1 ⊗ T2)

(n1,n2) (x1, x2)
)

= e2πi(n1a1+n2a2)F (x1, x2) then f1(x1) =
∫
X
F (x1, x)dµ(x) is

an eigenfunction for T1 with eigenvalue a1. Sim Similarly f2(x2) =
∫
X
F (x, x2)dµ(x) is an

eigenfunction for T2 with eigenvalue a2. Conversely if f1(T1x) = e2πia1f1(x) (or f2(T2x) =
e2πia1f2(x)), then F (x1, x2) = f1(x1) (F (x1, x2) = f2(x2)) is an eigenfunction for T1⊗T2 with
eigenvalue (a1, 0) ((0, a2)).

Example 2.10. We provide an example here, due to Bergelson and Ward [2], of a weak mixing

Z2-action T̊ so that T̊ |Λ is not ergodic for any subgroup of the form Λ = {k~n : k ∈ Z}.
Let T be a weak mixing Z-action on (X, µ) and let X̊ =

∏∞
i=1Xi, each Xi = X , with

product measure µ̊. Let {~mi}i∈Z be an enumeration of Z2, and define a Z2-action T̊ on X̊ by

T̊ ~n

(
∞∏

i=1

xi

)
=

∞∏

i=1

T ~n·~mi(xi)

for ~n ∈ Z2. Note that T̊ is weak mixing as in Example 2.9. For each subgroup Λ = {k~n : k ∈
Z} the generating transformation T̊ ~n is not ergodic because it acts as the identity on Xi for
any i with ~mi ⊥ ~n. This construction can be generalized to provide a variety of examples,
all with similar types of directional properties.

Here is a simple way that ergodicity or weak mixing can fail for subgroup actions.

Proposition 2.11. Let T be a G-action that is not weak mixing and let γ ∈ Σ\{0}. If there
exists a subgroup H ⊆ G so that γ ∈ H⊥ then T |H is not ergodic.

Proof. Let f be an eigenfunction for γ. Then γ ∈ H⊥ means γ(h) = 1 for all h ∈ H , which
implies f(T h(x)) = f(x) for all h ∈ H . Thus f is an invariant function for T |H. �

In the case G = Rd, such a subgroup H always exists. Indeed, if ~ℓ ∈ Σ\{0} then H = 〈~ℓ〉⊥.
The situation is quite different for G = Zd. Consider the case of d rotations on the circle T.
Since rotations commute they define a measure preserving Zd-action T on T with Lebesgue
measure. If the rotations are by irrationals that are rationally independent then T is ergodic.
It is clear that any subgroup action is another such rotation and therefore ergodic. To relate
this to Proposition 2.11 we note that the eigenvalues Σ satisfy Zd∩Σ = {~0} so H⊥∩Σ = {~0}
for all subgroups H ⊆ Zd. Thus all subgroup actions are ergodic. Contrast this with the
case of Zd odometer actions (see [7]) which always satisfy Σ ⊆ Qd/Zd ⊆ Td. Thus for any

such action T there are subgroups H ⊆ Zd such that H⊥ ∩ Σ 6= {~0}, and there are always
non-ergodic subgroup actions.
To go beyond Proposition 2.11 we need to describe the relationship between the spectral

measures of T and those of T |H .
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Proposition 2.12. Let T be a G-action on (X, µ), with Koopman representation UT . Let
UT |F be the restriction of UT to a closed UT invariant subspace F ⊆ L2(X, µ). For a closed

subgroup H < G let UT |HF := (UT |H)|F be the unitary representation of H on F obtained by
restricting UT |F to H. If f0 ∈ F is a function of maximal spectral type for UT |F then f0 is

also a function of maximal spectral type for UT |HF . Moreover, σT |H

f0
= σT

f0
◦ π−1 where π is

given by Definition 2.3 and σT
f0

on Ĝ and σT |H

f0
on Ĥ are the corresponding spectral measures.

Proof. Note that for all h ∈ H and γ ∈ Ĝ, γ(h) is constant on the cosets of H⊥ in Ĝ. Let
f ∈ F . By (2.4) we have

σ̂T
f (h) =

∫

Ĝ

γ(h) dσT
f (γ) =

∫

Ĝ

(γ +H⊥) (h) dσT
f (γ)

=

∫

Ĝ/H⊥

(γ +H⊥) (h) d(σT
f ◦ π−1)(γ +H⊥).

That is,

σ̂T
f (h) =

∫

Ĝ/H⊥

(γ +H⊥) (h) d(σT
f ◦ π−1)(γ +H⊥) =

∫

Ĥ

α(h) d(σT
f ◦ π−1)(α),

where α ∈ γ +H⊥. On the other hand

σ̂T
f (h) =

∫

X

f(T h−1

x)f(x) dm(x) = σ̂T |H

f (h) =

∫

Ĥ

α(h) dσT |H

f (α).

Hence, for any f ∈ F , σT |H

f is the push forward of σT
f ; that is, σ

T |H

f = σT
f ◦ π−1.

Now suppose that σT
f0

is a measure maximal spectral type for T on F . Let f ∈ F and

suppose σT |H

f0
(E) = 0 for some E ⊆ Ĥ. Then by our discussion above σT

f0
(π−1(E)) = 0. Since

f0 is the function of maximal type for T on F , it follows that 0 = σT
f (π−1(E)) = σT |H

f (E),

so σT |H

f0
is a measure of maximal spectral type of T |H on F . �

Corollary 2.13. Let σT and σT
0 denote the spectral measure and reduced spectral measure for

a G-action T . For a closed subgroup H < G let σT |H
and σT |H

0 be the same for the restriction

T |H. Then σT |H
= σT ◦ π−1 and σT |H

0 = σT
0 ◦ π−1 where π is given by Defintion 2.3.

Now we can strengthen Proposition 2.11.

Proposition 2.14. Let T be a G-action, H ⊆ G a closed subgroup, and T |H the restriction

of T to H. Then γ = ν + H⊥ ∈ Ĥ = Ĝ/H⊥ is an eigenvalue for T |H for a non-constant
eigenfunction if and only if σT

0 (ν +H⊥) > 0.

Proof. By Proposition 2.6, for γ ∈ Ĥ to be an non-constant eigenvalue for T |H is equivalent to

σT
0 ({γ}) > 0. On the other hand by Proposition 2.13 we have 0 < σ

T |H

0 ({γ}) = σT
0 (π

−1{γ}) =
σT
0 (ν +H⊥). �

Corollary 2.15. Let T be a G-action and let H be a closed subgroup. Then

(1) T |H is not ergodic if and only if σT
0 (H

⊥) > 0, and

(2) T |H is not weak mixing if and only if σT
0 (ν +H⊥) > 0 for some ν ∈ Ĝ.
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Pugh and Shub showed in [25] that an element T h of a G-action T is not ergodic if and

only if σT
0 ({h}⊥) > 0. For G = Rd, ~h ∈ Rd define Γ = {k~h : n ∈ Z}. Then T

~h is not ergodic

as a Z-action if and only if T |Γ is not ergodic. Additionally, since ~ℓ · ~h ∈ Z if and only if
~ℓ · k~h ∈ Z for all k ∈ Z we have that Γ⊥ = {h}⊥ so their result follows from Corollary 2.15.

Note that if L = {t~h : t ∈ R} is the direction generated by ~h, then L⊥ ⊂ {h}⊥, but it is not
necessarily true that L⊥ lies in the support of σT

0 . Therefore T
~h can fail to be ergodic, even

though T is ergodic in the direction L.
We will use Corollary 2.15 extensively below. But first we consider a consequence. As

we noted above, if T |H is ergodic (or weak mixing) then T is too. Although the converse is
generally false, it is true in the following situation, which includes the case where Λ ⊆ Zd is
a finite index subgroup.

Proposition 2.16. If T is a weak mixing G-action and H ⊆ G is co-compact then T |H is
weak mixing, and thus ergodic.

Proof of Proposition 2.16. The co-compactness of H implies H⊥ ⊆ Ĝ is discrete since H⊥ =

Ĝ/H is the dual of a compact group. If T |H is not weak mixing, then Corollary 2.15 implies

σT
0 (ν + H⊥) > 0 for some ν ∈ Ĝ, but since H⊥ is discrete, σT

0 ({ν + h⊥}) > 0, for some
h⊥ ∈ H⊥. �

3. Directional properties for Rd-actions

Consider an Rd-action T = {T~t}~t∈Rd on (X, µ). Since every direction L ∈ Ge,d corresponds
to a subgroup of Rd it is natural to define directional ergodicity for T in a direction L to mean
the ergodicity of the subgroup action T |L of T (see Section 2), and similarly for directional
weak mixing.
It is also possible to choose a set of generators for an e-dimensional direction L and to study

the ergodicity and weak mixing properties of the resulting Re-action. We begin the section
showing that while different choices of bases can give rise to non-conjugate actions, all choices
will yield Re-actions with the same ergodicity and mixing properties as T |L. To prove this,

fix L ∈ Ge,d, choose a basis {~b1,~b2, . . . ,~be}, and let B be the (d× e)-matrix with ~b1,~b2, . . . ,~be
as columns. One obtains an Re-action T ◦B, defined (T ◦B)(s1,s2,...,se)x = T (s1~b1+s2~b2+···+se~be)x.
Lind and Boyle [4] call such a choice of basis in this context a frame.

Lemma 3.1. Let T be an Rd-action and let L ∈ Ge,d and B be as above. Then ~ℓ ∈ L = L̂ is

an eigenvalue for T |L if and only if Bt~ℓ ∈ Re = R̂e is an eigenvalue for the Re-action T ◦B.

Proof. For ~s ∈ Re we have f((T ◦B)~sx) = f(TB~sx) = e2πi (
~ℓ·B~s )f(x) = e2πi (B

t~ℓ·~s )f(x). �

In what follows we always work with the subgroup action, rather than choosing a frame.

Definition 3.2. Let T be an Rd-action and let L ∈ Ge,d be a direction with 1 ≤ e ≤ d.

(1) We say T is ergodic in the direction L if the L-action T |L is ergodic. We denote the
set of ergodic directions for T by ET ⊆ Gd.

(2) We say T is weak mixing in the direction L if the L-action T |L being weak mixing.
We denote the set of weak mixing directions for T by WT ⊆ Gd.

Proposition 2.14 and Corollary 2.15 show that the ergodicity or weak mixing of T in the
direction L depends on the invariant functions and eigenfunctions of the L-action T |L. For
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ease of exposition we cast the notation from Section 2 concretely in the case of G = Rd and
L ∈ Ge,d. Note that we implicitly identify the dual L̂ with L (as explained in Section 2.2). A

nonzero f ∈ L2(X, µ) is an eigenfunction for T |L with eigenvalue ~ℓ if f(T~tx) = e2πi(
~ℓ·~t )f(x)

for all ~t ∈ L and µ-a.e. x ∈ X . We call f a direction L eigenfunction for T and ~ℓ ∈ L a

directional L eigenvalue for T . If ~ℓ = ~0 then we call f a direction L invariant function for T .
Definition 3.2 can now be restated as follows.

Definition 3.3. Let T be an Rd-action and let L ∈ Ge,d be a direction with 1 ≤ e ≤ d.

(1) We say T is ergodic in the direction L if it has no non-zero direction L invariant
functions f in L2

0(X, µ).
(2) We say T is weak mixing in the direction L if it has no non-zero direction L eigen-

functions f in L2
0(X, µ) (or equivalently, no direction L eigenvalues, ~ℓ 6= ~0 ).

In other words, ~ℓ is an eigenvalue and f is the corresponding eigenfunction for the L-action
T |L. A direction L invariant function f for T is a direction L eigenfunction with eigenvalue
~ℓ = ~0. Note that for e = d, both Definition 3.2 and Definition 3.3 are consistent with the
usual definitions of the ergodicity or weak mixing of T .

3.1. Characterizing directional properties spectrally. In this section we will show how
directional ergodicity and directional weak mixing of Rd-actions can be characterized in terms
of the existence of positive-measure affine subsets of Rd perpendicular to the direction in
question. Our work here is closely related to the results in [25], and we begin by formalizing
the idea of a measure with lower dimensional support.

Definition 3.4. Let ς be a finite Borel measure on Rd. Let L ∈ Ge,d, and let P = L + ~ℓ

where ~ℓ ∈ L⊥.

(1) If ς(P ) > 0, we say that P is an e-dimensional wall for ς.
(2) A wall P for ς is called proper if it contains no lower dimensional walls Q ⊆ L for ς.
(3) We call a measure ς an e-dimensional wall-measure if there is an e-dimensional proper

wall P for ς that contains its support. We call P the carrier of ς.

Note that a 0-dimensional wall measure is an atomic measure with a single atom ~ℓ ∈ Rd

as its carrier, and a d-dimensional wall measure is a (non-zero) measure with carrier Rd.

Theorem 3.5. Let T be an ergodic Rd-action and L ∈ Gd.

(1) L ∈ ET if and only if L⊥ is not a wall for ςT0 .

(2) L ∈ WT if and only if no affine subset P = L⊥ + ~ℓ, ~ℓ ∈ L is a wall for ςT0 . In other
words, no affine subset perpendicular to L is a wall for ςT0 .

This is just Proposition 2.14 translated into the terminology of this section. Since spectral
type is an isomorphism invariant (see the discussion before Lemma 2.6) we have the following
immediate corollary.

Corollary 3.6. Directional ergodicity and directional weak mixing for Rd-actions T are spec-
tral properties (i.e., they depend only on ςT0 ). It follows that they are isomorphism invariants.

4. Directional properties for Zd-actions

We can easily define the directional behavior of Zd-actions for rational directions (see
Definition 2.2) analogous to our definitions of directional properties for Rd-actions: by the
behavior of the associated subgroup action.
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In this section we use the unit suspension T̃ of a Zd-action T in order to extend the notions
of directional ergodicity and directional weak mixing to arbitrary directions. We show that
these are spectral properties for the Zd-action itself, and that the subgroup definition is
consistent with the directional definition if L is a rational direction.

4.1. The unit suspension. Consider a Zd-action T = {T~t}~t∈Rd on (X, µ). Let λ denote

Lebesgue probability measure on Td = [0, 1)d the d-dimensional torus. The unit suspension T̃

of T is the Rd-action on (X̃, µ̃) := (X×[0, 1)d, µ×λ) defined by T̃~t(x,~r ) = (T (⌊~t+~r⌋)x, {~t+~r}),
where ⌊~w⌋ ∈ Zd denotes the component-wise floor, and {~w} := ~w − ⌊~w⌋ ∈ Td.

It is well known that the unit suspension T̃ of a Zd-action T is ergodic if and only if T is
ergodic. However, as the next result shows, it is never a weak mixing Rd-action.

Proposition 4.1. Let T be an ergodic Zd-action and T̃ its unit suspension. Define the Rd-
action {ρ~t }~t∈Rd on [0, 1)d by ρ~t(~r) = {~r + ~t }. Then the projection p2 : X × [0, 1)d → [0, 1)d

given by p2(x,~r) = ~r is a factor map from T̃ to ρ. In particular, T̃ is not weak mixing and
its set of eigenvalues, denoted by Σ, satisfies Zd ⊆ Σ.

Proof. The fact that p2 is a factor map follows directly from the definition of T̃ . Given ~n ∈ Zd

it is easy to check that f(x,~r) = e2πi(~n·~r ) is an eigenfunction for T̃ with eigenvalue ~n. �

This rotation factor is responsible for the presence of many non-ergodic directions for T̃ .

Proposition 4.2. If L ∈ Gd−1,d is such that L⊥ ∩ Zd 6= {~0} then L ∈ E c
T̃
.

Proof. This follows directly from Propositions 4.1 and 2.11. �

4.2. Definition of directional properties. The presence of the non-ergodic directions for

T̃ identified in Proposition 4.2 means that we cannot define directional properties of T by
applying Definition 3.2 directly to T̃ . However, since this directional non-ergodicity is a result
only of the rotation factor ρ defined in Proposition 4.1 it has no bearing on the dynamical
properties of T . We overcome this complication by defining directional properties in analogy

to Definition 3.3 by restricting our attention to eigenfunctions of T̃ from the closed T̃ invariant
subspace L2

O(X̃, µ̃) := O⊥ ⊆ L2(X̃, µ̃) defined by

(4.1) O :=
{
F (x,~s) = f(~s) : f ∈ L2

(
[0, 1)d, λ

)}
⊆ L2(X̃, µ̃).

Definition 4.3. Let T be a Zd-action on (X, µ), T̃ its unit suspension, and let L ∈ Ge,d be
a direction with 1 ≤ e ≤ d.

(1) We say T is ergodic in the direction L if T̃ has no non-zero direction L invariant
functions in L2

O(X, µ). We denote the set of ergodic directions for T by ET ⊆ Gd.

(2) We say T is weak mixing in the direction L if T̃ has no non-zero direction L eigenfunc-
tions in L2

O(X, µ). We denote the set of weak mixing directions for T by WT ⊆ Gd.

4.3. Characterizing directional properties spectrally.

By Theorem 3.5 directional ergodicity and directional weak mixing are defined for a Zd-

action T , implicitly, in terms of the spectral measure for its unit suspension T̃ restricted to

L2
O(X̃, µ̃). Since the subspace L2

O(X̃, µ̃) is T̃ invariant,

Proposition 2.5 implies that there exists f̃0 ∈ L2
O(X̃, µ̃) so that ςf̃ ≪ ςf̃0 for all f̃ ∈

L2
O(X̃, µ̃). To parallel the notation for a reduced spectral measure we make the following

definition.
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Definition 4.4. The measure ς T̃O is called the aperiodic spectral measure of T̃ .

The aperiodic spectral measure is unique up to equivalence. The following is immediate.

Lemma 4.5. Let T be a measure preserving Zd-action and T̃ its unit suspension. Then the

aperiodic spectral measure of T̃ , ς T̃O, differs from ς T̃0 , the reduced spectral measure of T̃ , by
omitting the nonzero point spectra that come from the rotation factor ρ, i.e. the eigenfunctions
in O.

In this section we will show that the aperiodic spectral measure is in fact determined by σT
0 ,

the spectral measure for the Zd action T , and therefore directional ergodicity and directional
weak mixing for T in an arbitrary direction L is a spectral property of the Zd-action itself.
The following is a result from [9], adapted to our context. In the lemma, π : Rd → Td =

Rd/Zd denotes the canonical projection, defined π(~t) = ~t mod Zd, and ∼ denotes equivalence
of measures..

Lemma 4.6. Let T be a measure preserving Zd-action and let T̃ be its unit suspension. Then

ς T̃O ◦ π−1 ∼ σT
0 .

Proof. Proposition 2.1 in [9] states that ς T̃ ◦ π−1 ∼ σT . This, combined with Lemma 4.5
yields the result. �

By identifying Td = [0, 1)d we can think of σT
0 as a measure on [0, 1)d or as finite measure

on Rd with support [0, 1)d. Taking the latter view, we define a finite Borel measure on Rd by

(4.2) σ̃T
0 =

∑

~n∈Zd

a~n · (σT
0 ◦ τ~n),

where a~n is an arbitrary positive sequence with
∑

~n∈Zd a~n = 1 and τ~n(~t ) := ~t−~n is translation
on Rd.

Corollary 4.7. ς T̃O ≪ σ̃T
0 .

Proof. For ~n ∈ Zd letQ~n = [0, 1)d+~n ⊆ Rd. Then using Lemma 4.6 we have ς T̃O|Q~n
◦τ−~n ≪ σT

0 .

The result follows from the fact that ς T̃O =
∑

~n∈Zd ς T̃O|Q~n
. �

For equivalence of the two measures we need ergodicity.

Theorem 4.8. Let T be an ergodic Zd-action and let T̃ be its unit suspension. Then ς T̃O ∼ σ̃T
0 .

Proof. Since T is ergodic, so is T̃ . Additionally, letting Σ denote the set of eigenvalues of

T̃ , by Proposition 4.1 we have Zd ⊆ Σ. By Lemma 2.8, for all ~n ∈ Zd ς T̃O|Q~n
∼ ς T̃O|Q~0

. By

the definition of π and Lemma 4.6 this means for all ~n ∈ Zd ς T̃O|Q~n
∼ σT

0 ◦ τ−~n therefore

ς T̃O =
∑

~n∈Zd ς T̃O|Q~n
∼ σ̃T

0 . �

We are now ready to define directional behavior for a Zd-action in terms of its spectral
measure. We begin by adapting the definition of a wall measure, Definition 3.4, to the case
of measures on Td with π : Rd → Td = [0, 1)d defined π(~t ) = ~t mod Zd. For L ∈ Ge,d the
projection π(L⊥) (of its perpendicular subspace) is a (d − e)-dimensional (and not always
closed) subgroup of Td. As in the Rd case, failure of weak mixing in a direction L can be
detected by the presence of a wall measure with support perpendicular to that direction. For
~ℓ ∈ L, we refer to P = π(L⊥ + ~ℓ) = π(L⊥) + π(~ℓ) as an affine coset in Td perpendicular to L.
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Definition 4.9. Let σ be a finite Borel measure on Td. Let L ∈ Ge,d so that L⊥ ∈ Gd−e,d.

(1) Let P = π(L⊥) + ~ℓ be an affine subset Td. If σ(P ) > 0, we say that P is a (d − e)-
dimensional wall for σ. The wall P is said to be in the direction L⊥, or perpendicular
to L.

(2) A wall P for σ is called proper if P contains no lower dimensional walls Q ⊆ P for σ.
(3) We call a measure σ an e-dimensional wall-measure if there is an e-dimensional proper

wall P for σ that contains its support. We call P the carrier of σ.

A 0-dimensional wall measure on Td is an atomic measure with a single atom ~ℓ ∈ Td as its
carrier, and a d-dimensional wall measure is a (non-zero) measure with carrier Td.
The following theorem is the Zd analogue of Theorem 3.5.

Theorem 4.10. Let T be an ergodic Zd-action and L ∈ Ge,d. Then

(1) L ∈ ET if and only if π(L⊥) is not a wall for σT
0 , and

(2) L ∈ WT if and only if no affine subset P = π(L⊥) + π(~ℓ ) ⊆ Td, ~ℓ ∈ L, is a wall for
σT
0 .

Corollary 4.11. Directional ergodicity and directional weak mixing for Zd-actions T are
spectral properties (i.e., they depend only on σT

0 ). It follows that they are isomorphism in-
variants.

Proof of Theorem 4.10. Definition 4.3 and Theorem 3.5 together imply that L /∈ WT if and

only if there is an affine subset P = L + ~ℓ that is a wall for ς T̃O . The result then follows
immediately from Theorem 4.8. A similar argument holds for L /∈ ET . �

The next result shows that the subgroup definitions of directional ergodicity and weak
mixing agree with Definition 4.3 in the case of rational directions.

Proposition 4.12. Let T be an ergodic Zd-action and let L ∈ Ge,d be a rational direction,
with 0 < e < d. Let Λ = Zd ∩ L. Then T |Λ is an ergodic (weak mixing) subgroup action if
and only if T is ergodic (weak mixing) in the direction L.

Proof. Suppose that T is not weak mixing in the direction L. Then by Definition 4.3, there

is a non-zero eigenfunction F ∈ L2
O(X̃, µ̃) with directional eigenvalue ~ℓ ∈ L. In particular,

T̃ ~v(x,~r) = e2πi(
~ℓ·~v )F (x,~r ) for all ~v ∈ L. Since F is non-zero, there exists ~r ∈ Td such that

F |X×{~r} is non-zero. Define f : X → C by f(x) = F (x,~r). It is easy to check that f is a

non-zero eigenfunction for T |Λ with eigenvalue π(~ℓ) ∈ π(L) ⊆ Td. Thus if T |Λ is weak mixing
then T is weak mixing in the direction L.

This argument, in the case ~ℓ = ~0 shows that T |Λ ergodic implies T is ergodic in direction
L.
While it is possible to prove the converse by extending the eigenfunctions for T |Λ to

eigenfunctions for T̃ |L, here we show instead that the result is an immediate corollary of our

previous work. Suppose that T |Λ is not weak mixing. Then by Theorem 3.5 there is ~ℓ ∈ L

such that σT
0 (
~ℓ + L⊥) > 0. By Theorem 4.10 it follows that L /∈ WT , i.e. T is not weak

mixing in the direction L.

Setting ~ℓ = ~0 we have the analogous statement for ergodicity.
�



DIRECTIONAL ERGODICITY AND WEAK MIXING 13

5. The structure and realizations of ET and WT

In this section we turn to the question of what sets can arise as ET and WT . Since every
direction corresponds to a subgroup of Rd, it follows ET = WT = ∅ for Rd-actions T that
are not ergodic (see Section 2.4). Since rational directions correspond to subgroups of Zd,
analogously we have that if a Zd-action T is not ergodic then ET , and therefore WT , can
contain no rational directions. More generally we note that if T is not ergodic, then (1) of

Corollary 2.7 does not hold. Indeed, σT
0 has an atom at ~0 due to the presence of a non-

constant invariant function for the action. Thus, for every direction L ∈ Gd, L
⊥ is trivially

a wall and ET = WT = ∅. Therefore for the remainder of the section we focus our attention
on ergodic actions. We use the spectral characterizations of directional properties that we
provided in previous sections to prove structure theorems analogous to the results in [25].

5.1. The case d = 2.

Theorem 5.1. If T is an ergodic (or weak mixing) R2 or Z2-action, then the set of non-
ergodic (or non weak mixing) 1-dimensional directions is at most countable.

Proof. By Theorems 3.5 (for R2) and 4.10 (for Z2), every non-parallel L, L′ ∈ E c
T are walls for

the spectral type of T . They intersect only at the point ~0 but since T is ergodic σT
0 ({~0}) = 0,

and therefore the respective wall measures are mutually singular. By Proposition 2.5, the
corresponding invariant functions f and f ′ are orthogonal in L2(X, µ). Since L2(X, µ) is
separable there can only be countably many such functions.
If T is weak mixing, a similar argument holds using the fact that since σT

0 is non-atomic,
it gives zero measure to any point of intersection of the supports of the walls. �

5.2. The case d > 2. We have the following immediate result.

Lemma 5.2. Let T be an ergodic Zd or Rd-action. If L ∈ E c
T then L′ ∈ E c

T for any direction
L′ ⊆ L. Similarly, if L ∈ Wc

T then L′ ∈ Wc
T for any direction L′ ⊆ L.

This redundancy shows that any result analogous to Theorem 5.1 in higher dimensions will
require more care. We start by introducing some terminology that will allow us to describe
non-ergodic and non-weak mixing directions efficiently.

Definition 5.3. Call a set of directions L ⊆ Gd concise if for all L, L′ ∈ L with L ⊆ L′

implies L = L′.

Definition 5.4. Let L ⊆ Gd. A direction L ∈ Gd is subordinate to L if L ⊆ L′ for some
L′ ∈ L.
Our main result here is the following.

Theorem 5.5. Let T be an ergodic Rd or Zd-action. Then there exist unique, and at most
countable, concise sets NET ⊆ Gd and NWT ⊆ Gd so that L ∈ E c

T if and only if L is
subordinate to NET and L ∈ Wc

T if and only if L is subordinate to NWT .

The proof of Theorem 5.5 requires an extension of the Lebesgue decomposition theorem
to wall measures. This idea is implicit in [25].

Proposition 5.6. Any finite Borel measure σ on Rd or Td can be written as a sum σ =
σ0 + σ1 + · · · + · · · + σd where for each e = 0, 1, . . . , d, the measure σe is either zero, or a
sum of at most countably many e-dimensional wall-measures with distinct (but not necessarily
disjoint) carriers. This decomposition is unique.
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Proof. Using Lebesgue decomposition we write σ = σ0 + σ′
1 where σ0 is the discrete part of

σ. A standard separability argument yields that σ0 is a (possibly trivial) countable sum of
atoms. In other words, σ0 is a countable sum of 0-dimensional wall measures.
We proceed in a similar manner by induction. Let σ = σ0 + σ1 + · · · + σe−1 + σ′

e, where
e < d, and such that for each 0 ≤ k ≤ e − 1, σk is either the zero measure or a countable
sum of k-dimensional wall measures with distinct carriers, and such that σ′

e has no walls of
dimension 0 ≤ k < e.
Suppose Ae is the set of e-dimensional walls for σ′

e. If Ae is empty then σe is the zero
measure. If not, we show Ae is (at most) countable. For if we suppose not, then by the
pigeonhole principle, there exists ǫ > 0 and an uncountable subset A′

e ⊆ Ae with the property

that σ′
e(P ) ≥ ǫ for all P ∈ A′

e. Then for any countable subset A′′
e ⊆ A′

e, σ
′
e

(⋃
P∈A′′

e
P
)
=∑

P∈A′′
e
σ′
e(P ) = ∞, where equality follows from σ′

e(P1 ∩ P2) = 0 for P1, P2 ∈ A′′
e distinct.

This is because σ′
e has no k-dimension walls for any k < e. But this contradicts the fact that

σ′
e is a finite measure.
Now we let σe be the sum of the wall-measures whose distinct carriers are the walls P ∈ Ae.

By the above, it is a countable sum.
�

Proof of Theorem 5.5. Use Proposition 5.6 to write σT
0 = σ0 + σ1 + · · · + · · · + σd, and for

0 ≤ i ≤ d, let Ai denote the (possibly empty) set of distinct carriers P = K+~ℓ, K ∈ Gi,d and
~ℓ ∈ K⊥, for σi. Define the subset of Gd−i,d given by the orthocomplements of the subspaces
in Ai, namely A⊥

i = {L = P⊥ : P ∈ Ai} ⊆ Gd−i,d. This is the set of non-ergodic (d − i)-
dimensional directions for T and using the same argument as Theorem 5.1 we know that this
is a countable set. We now define NET =

⋃d
i=1

(
A⊥

i \⋃0≤k<i A⊥
k

)
. This set is the countable

union of all the countable non-ergodic directions with redundancies, which are a consequence
of Lemma 5.2, having been removed.
We construct NWT in a similar way. Uniqueness of both sets follows from the uniqueness

of the orthocomplements restricted to Gd.
�

Corollary 5.7. If T is ergodic then ET 6= ∅.
The natural question to ask now is which countable, concise subsets ofGd can be realized as

NET for some ergodic T ? We begin with the following result which generalizes our discussion
from Section 2.4.

Proposition 5.8. If T is an ergodic Rd or Zd-action that is not weak mixing then NET 6= ∅
and NWT = {Rd}.
Proof. The proof for Rd-actions is given in Section 2.4 since every direction L corresponds to
a subgroup action of Rd.
Let T be a Zd-action and L ∈ Ge,d an arbitrary direction. Recall that the nonzero atoms

of σT
0 correspond to the nonzero eigenvalues of T , and these exist since T is not weak mixing.

Each atom must lie in π (K) ⊆ Td for some K ∈ Gd−1,d. Thus π (K) is a wall for σT
0 and

by Theorem 4.10 this implies L = K⊥ ∈ G1,d is a non-ergodic direction for T . Moreover, for

any atom ~b ∈ Td, and any L ∈ Gd, there is an ~ℓ ∈ L so that ~b ∈ π(L⊥ + ~ℓ ). Then π(~ℓ ) ∈ Td

is an eigenvalue for T in the direction L.
�
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5.3. Realization. In this section we show that any countable concise set L ⊆ Gd is the set
of non-weak mixing (and therefore non-ergodic) directions of a weak mixing action of Zd and
Rd.

Theorem 5.9. For any finite or countably infinite concise set L ⊆ Gd, there is a weak
mixing Rd-action T and a weak mixing Zd-action S with the property that L = NET =
NWT = NES = NWS.

Proof. We first construct the Rd example. Let L = {L1, L2, · · · } be a countable concise set
of directions in Rd. Define the set K = {K1, K2, . . .} where Ki = L⊥

i for each i. Note that
K is also a countable concise set of subspaces of Rd. We will construct an Rd-action T with
the property that for any wall P for σT

0 there exists K ∈ K so that K ⊆ P . Since K⊥ = Lj

for some j this will imply that Lj ⊇ P⊥, and therefore P⊥ is subordinate to L. Thus we will
have that L = NET .
We will use the Gaussian Measure Space Construction (GMC), starting with a finite Borel

measure σ on Td to obtain a Zd-action T on a Lebesgue probability space (X, µ) with σT =

exp(σ) =
∑∞

i=0
σ(n)

n!
(see [6]). Here σ(n) = σ ∗ σ ∗ . . . ∗ σ denotes the n-fold convolution power

of σ, n ≥ 1 and σ0 = δ~0.
If dim(Ki) = ri let σKi

denote ri-dimensional Lebesgue measure on Ki and let σ be
any finite measure equivalent to

∑
i σKi

. The action T will be the Gaussian action with
σT
0 = exp(σ)− δ~0. Note that since σ is non-atomic, T is weak mixing.
We now identify all proper walls for σT

0 . Each one has to be a proper wall for some
σ(n) ∼ ∑

i1,i2,...,in
σKi1

∗ σKi2
∗ . . . ∗ σKin

thus proper walls for σ(n) must be proper walls for
some σKi1

∗ σKi2
∗ . . . ∗ σKin

. It is easy to see that the subspace K = Ki1 +Ki2 + . . . +Kin

is the only proper wall for σKi1
∗ σKi2

∗ . . . ∗ σKin
because Kj is the only proper wall for σKj

.
Thus P must be of the form Ki1 +Ki2 + . . .+Kin . Therefore P contains every subspace in
{Ki1, Ki2 , . . . , Kin} and P⊥ = L⊥

i1
∩ L⊥

i2
. . . ∩ L⊥

in ⊆ Lij for j = 1, . . . n.

We now set S = T |Zd

, the restriction of T to Zd. By Proposition 2.13 we have that
σS
0 = σT

0 ◦ π−1. Note that the proper walls for σS
0 are projections of the proper walls for

σT
0 and the result follows for Zd. Alternatively our construction above can be given using

measures on Td to obtain a Zd-action with the same properties. �

6. Some additional results

6.1. Directional ergodicity implies directional weak mixing. It follows from Corol-
lary 5.7 and Proposition 5.8 that if an ergodic Zd or Rd-action is not weak mixing, then there
exists L ∈ Gd so that L ∈ ET and L ∈ NWT . The main result of this section is to show that
this is not possible for weak mixing actions T .

Theorem 6.1. Let T be a weak mixing Rd or Zd-action and let L ∈ Ge,d. Then ET = WT .

Since it is clear that weak mixing implies ergodicity, we need only prove that ET ⊇ WT .
The next lemma is a key ingredient in the proof. The proposition following the lemma
establishes the Rd case, and a little more.

Lemma 6.2. Let T be a weak mixing G-action and H ⊆ G a closed subgroup. Suppose

γ ∈ Ĥ\{0} is a non-trivial eigenvalue for T |H. Then the eigenspace

(6.1) Fγ := {f ∈ L2(X, µ) : f
(
(T |H)hx

)
= γ(h)f(x)},

is closed and UT -invariant.
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Proof. It is clear that the eigenspace is closed and UT |H invariant. Let f ∈ Fγ, g ∈ G, and
h ∈ H , and note (f ◦ T g)(T hx) = f

(
T h (T g (x))

)
= γ(h)(f ◦ T g)(x), so f ◦ T g ∈ Fγ. �

Several special cases of Theorem 6.1 follow from the next proposition.

Proposition 6.3. Let T be a weak mixing action of a locally compact abelian group G and
H ⊆ G a closed subgroup. Then T |H is weak mixing if and only if T |H is ergodic.

Proof. If T |H is weak mixing then it is ergodic. Conversely, suppose T |H is ergodic. Suppose

γ ∈ Ĥ\{0} is a non-trivial eigenvalue for T |H , and denote its eigenspace by Fγ. We show
that every f ∈ Fγ is constant, which will imply that γ = 1. By Lemmas 2.4 and 6.2 Fγ

is one-dimensional and UT invariant. Therefore for f ∈ Fγ, and every g ∈ G there is a
constant α(g)C such that f ◦ T g = α(g)f . Clearly |α(g)| = 1 so α : G → S1. In addition
α(g1 + g2)f = f ◦ T g1+g2 = f ◦ T g1 ◦ T g2 = α(g1)α(g2)f. This, together with the fact that

g → T g is continuous in the weak topology, gives us that α ∈ Ĝ, namely α is an eigenvalue
for T . But T is a weak mixing G-action so α = 1 and f is constant. �

The proof of Theorem 6.1 for Rd-actions follows directly from Proposition 6.3 since by
Definition 4.3, direction L weak mixing for an Rd-action T is equivalent to weak mixing for
T |L. Similarly the Zd case where L is a rational direction follows from Proposition 6.3 since
in this case by Proposition 4.12, direction L weak mixing for a weak mixing Zd-action T is
equivalent to weak mixing for T |Λ.
If d = 2 and L is not rational, then L is irrational, as is L⊥ (see Definition 2.2), and we

can provide a quick proof of Theorem 6.1 in this case as well. If T is a weak mixing Z2-action
and T is ergodic but not weak mixing in the direction L, then by Definition 4.3 L⊥ is not a

wall for ς T̃O. Since L⊥ is irrational, it misses all the atoms of ς T̃0 so it is also not a wall for ς T̃0 .

This implies that T̃ |L is ergodic. By Proposition 6.3 we have that T̃ |L is weak mixing. We
conclude by Definition 4.3 that T is weak mixing in the direction L.
For d > 2 however it is possible for L⊥ ∩Zd 6= ∅ even if L is not rational. This means that

T̃ |L fails to be ergodic, but with the non-ergodicity entirely due to the rotation factor. Take,
for example, d = 3, and L = {t(0, 1,

√
2) : t ∈ R}, which is irrational since L ∩ Z3 = {~0},

but L⊥ ∩ Z3 ∼ Z is neither rational or irrational. Write T3 = [0, 1)3 and note that sets of

the form X × [0, ǫ) × [0, 1)2 are invariant under T̃ |L. Thus we can no longer assume that

eigenvalues of T̃ |L are simple and the proof of Proposition 6.3 above fails. For this reason,
we provide a different proof of Theorem 6.1 for Zd in general.

Proof of Theorem 6.1 for Zd-actions. Let T be a weak mixing Zd-action, L ∈ Ge,d for some
0 < e < d, and suppose T is ergodic but not weak mixing in direction L. By Definition 4.3

this implies that there is an eigenfunction F ∈ L2
O(X̃, µ̃) for T̃ |L with eigenvalue ~ℓ ∈ L̂ = L,

~ℓ 6= 0. For ~v ∈ Rd set G~v = F ◦ T̃ ~v. By Lemma 6.2 we have that G~v ∈ F~ℓ and therefore |F |
and |G~v| are both T̃ |L invariant functions.
The ergodicity of T in the direction L, using Definition 4.3, allows us to conclude that any

T̃ |L invariant functions must lie in O. Therefore by (4.1), for all ~v ∈ Rd there exist ω~v and
ω : Td → R so that |F (x,~s )| = ω(~s ) and |G~v(x,~s )| = ω~v(~s ).
Let Z = {~s ∈ Td : ω(~s ) = 0} ⊆ Td. Since F is non-trivial, the set Zc = Td \Z has positive

measure. Furthermore if ~n ∈ Zd, then T̃ ~n(x,~s) = (T ~nx,~s ), so G~n(x,~s ) = F (T̃ ~n(x,~s )) =
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F (T ~nx,~s ). Thus for all ~n ∈ Zd the function ω~n(~s ) = 0 if and only if ~s ∈ Z, and we can define

H~n(x,~s ) =

{
F (x,~s )
G~n(x,~s )

~s /∈ Z

0 ~s ∈ Z.

Since F and G~n are both eigenfunctions for T̃ |L with eigenvalue ~ℓ, H~n is an invariant function

for T̃ |L. Therefore H~n is an element of O allowing us to conclude H~n(x,~s ) = c~n(~s ) for some
function c~n : Td → C, and G~n(x,~s ) = c~n(~s)F (x,~s ).
We claim that there is a subset of Z ′ ⊆ Zc of positive measure so that for any ~s ∈ Z ′,

the function f~s : X → C defined by f~s (x) = F (x,~s) is not constant. Indeed, suppose for a.e
~s ∈ Zc, f~s (x) = a~s. Then we would have for a.e. x ∈ X F (x,~s ) = 0 if ~s ∈ Z and a~s if ~s /∈ Z,

contradicting the fact that F ∈ L2
O(X̃, µ).

Fix ~s ∈ Z ′, define f(x) = F (x,~s ), and note that the function g~n(x) = G(x,~s ) =
c~n(~s )F (x,~s ) = c~n(~s )f(x) is also not constant. Furthermore, f(T ~nx) = g~n(x) = c~n(~s )f(x).
Since T is a measure preserving action we have ‖c~n(~s)‖ = 1, i.e. c~n(~s) = e2πiα~n for some
α~n ∈ [0, 1). Arguing as in the proof of Proposition 6.3, we have that f is a non-trivial
eigenfunction for the Zd-action T with eigenvalue ~α, a contradiction.

�

6.2. Restrictions and embeddings. Let T = {T ~n}~n∈Zd be a measure preserving Zd-action

on (X, µ). If T = {T ~v} is a measure preserving Rd-action, also on (X, µ), so that T = T |Zd

,
we call T an embedding of T . As noted in the introduction, while not every Zd-action has
an embedding, the property is generic so there is a dense Gδ set of Zd-actions that do (see
[27]). In this section we restrict our attention to such Zd-actions and study the relationship
between directional properties of T in a direction L, as given by Definition 4.3, and those of

T
|L

as a subgroup action. We begin with the following observation relating embeddings of T
to the unit suspension of T .

Lemma 6.4. Let T be a measure preserving, ergodic Zd-action on (X, µ) and let T be an

embedding of T . Then ςT0 ≪ ς T̃0 where T̃ is the unit suspension of T .

Proof. Let T, T̃ , and T be as defined in the statement of the lemma. We identify ~s ∈ Td with

(~s) ∈ [0, 1)d ∈ Rd. It is easy to check that the map Φ : X̃ → X defined by Φ(x,~s ) = T
~s
(x)

is a factor map between T̃ and T . It then follows that the Koopman representation UT is
unitarily equivalent to a restriction of UT̃ to an invariant subspace. By Proposition 2.5 then

we have ςT ≪ ς T̃ . Since T is ergodic, so are T̃ and T so the reduced maximal spectral types

are obtained by eliminating the mass at ~0 for both measures, so ςT0 ≪ ς T̃0 . �

Theorem 6.5. Let T be an ergodic Zd-action and let the Rd-action T be an embedding of T .

Let L ∈ Ge,d. Then T
|L

is ergodic if and only if T is ergodic in the direction L.

Proof. Let T, T , and L be as in the statement of the theorem. Note that T must be ergodic
as an Rd-action. Suppose L /∈ ET . By Theorem 3.5 we have that L⊥ is a wall for σT

0 , namely

σT
0 (L

⊥) > 0. By Lemma 6.4, then, it is also wall for ς T̃0 and by Theorem 3.5, we have that
L /∈ ET .
For the converse, suppose L /∈ ET . Then σT

0

(
π
(
L⊥
))

> 0, and since T = T
|Zd

, letting

π : Rd → Td be the canonical projection map, we have by Proposition 2.13 σT
0 = ςT0 ◦ π−1.

Therefore σT
0

(
L⊥
)
> 0 and by Theorem 3.5, L /∈ ET . �
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If T is weak mixing as a Zd-action, any embedding of T must be weak mixing as an Rd-
action. In this case by Theorem 6.1 ergodicity in a direction is equivalent to weak mixing
and we have the following immediate corollary of Theorem 6.5.

Corollary 6.6. Let T be a weak mixing Zd-action and let T denote an embedding of T . Then

T is weak mixing in a direction L ∈ Ge,d if and only if T
|L

is weak mixing.

We conclude this section by showing the consequences of removing the ergodicity hypoth-
esis from Theorem 6.5. Let T denote the identity Zd-action on Td. Note that T embeds both
into the identity Rd-action T 1 on Td, as well as the rotation action of Rd on Td given by

T
~v

2(~x) = {~x + ~v}. Notice that T̃ , the unit suspension of T is an uncountable product of Rd

rotations on Td. Further, for any A ⊆ Td with µA > 0, the function χA×Td ∈ L2
O(X̃, µ̃) is an

L invariant function for T̃ for any direction L. Therefore T is not ergodic in the direction L,
for any L, according to Definition 4.3.
Turning to the embeddings we see that while T 1 is not ergodic in any direction L, it is the

case that T 2 is ergodic in any irrational direction.

6.3. Strong mixing. A G = Rd or Zd-action T (or a subgroup of one of these) is strong

mixing if for each f ∈ L2
0(X, µ) its correlation function satisfies σ̂f (~g ) = (U~g

Tf, f) → 0 as
~g → ∞. As above, the correlation function σ̂f (~g ) is the Fourier transform of the spectral

measure σ̂f on Ĝ. A measure like σ̂f , which has a Fourier transform that vanishes at infinity
is called a Rajchman measure. In particular, a G-action T is strong mixing if and only if
its reduced spectral measure σT

0 is Rajchman (see [15]). No measure with an atom can be
a Rajchman measure, so strong mixing implies weak mixing, which implies ergodicity. By
the Riemann-Lebesgue lemma, if T has Lebesgue spectrum, which means σT

0 is absolutely
continuous, then σT

0 is a Rajchman measure, so T is strong mixing. In particular, Bernoulli
actions are strong mixing, as are certain entropy zero actions.
It is easy to see that if T is a strong mixing Rd-action, then the restriction to T |L to any

direction L ∈ Gd is also strong mixing. Indeed, strong mixing passes to subgroups, unlike
ergodicity and weak mixing and ergodicity, which pass to supergroups. Thus, strong mixing
Rd actions are ergodic and weak mixing in every direction. The same argument holds for
rational directions L if T is a Zd-action. Our goal now is to prove a the same result for
Zd-actions in arbitrary directions. To this end we need the following lemma.

Lemma 6.7. A wall measure σ on Ĝ = Rd or Td is not a Rajchman measure.

Proof. Call a subset I ⊆ Ĝ, for Ĝ = Rd or Td a flat disc if it is a single point, or is the
intersection of an e-dimensional hyperplane in G, 0 < e < d, with an open disc B ⊆ G. If σ
is a wall measure then σ(I) > 0 for some flat disc I, and it will suffice to replace σ with the
wall measure σ′(E) = σ(E ∩ I). Clearly, if σ′ is atomic it is not Rajchman, so we assume σ′

is non-atomic.
Without loss of generality, we can translate I so it goes through ~0. In the case Ĝ = Td

we can identify Td = [−1/2, 1/2)d ⊆ Rd and assume I ⊆ [−1/2, 1/2)d. Thus in either case,
we view σ′ as a measure on Rd. We can write any ~t ∈ Rd uniquely as ~t = ~tL + ~tL⊥ where
~tL ∈ L = span(I) and ~tL⊥ ∈ L⊥. Then since σ is supported in I,

σ̂(~t ) =

∫

Ĝ

e−2πi(~a·~t )dσ(~a) =

∫

I

e−2πi(~a·(~tL+~t
L⊥ ))dσ(~a) =

∫

I

e−2πi(~a·~tL)dσ(~a) = σ̂|L(~tL).
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Here σ|L is the restriction of σ to L, and its Fourier transform σ̂|L(~tL) is a positive definite
function on L. Thus σ̂(~t ) is constant on each coset L⊥ + ~tL and in particular, is not 0 at
infinity. �

Corollary 6.8. If T is a strong mixing G = Rd or Zd-action then T is weak mixing in every
direction, and thus ergodic in every direction.

Proof. Having already discussed G = Rd, we just need to prove the case G = Zd. Since T is

strong mixing, σT
0 is a Rajchman measure on Ĝ = Td. If T is not weak mixing in the direction

L, then L is a wall and the corresponding wall measure σ′ satisfies σ′ ≪ σT
0 . But this is

impossible since the Rajchman property is preserved by absolute continuity (Proposition 2.5
in [15]). �

For an Rd-action T and a direction L ∈ Ge,d, we say T is strong mixing in the direction
L if T |L is mixing. Following our usual practice, we say a Zd-action T is strong mixing in a
direction L ∈ Ge,d for any f ∈ L2

O(X̃, µ̃), the unit suspension correlation function satisfies

ς̂ T̃
f (~t ) := (U~t

T̃
f, f) → 0 as ||~t || → ∞ in L.

Proposition 6.9. If T is a strong mixing G = Rd or Zd-action, then T is strong mixing in
every direction.

Proof. We noted above that if T is strong mixing Rd-action then each T |L is strong mixing,
thus T is strong mixing in every direction. Now assume T is a strong mixing Zd-action. Then

σT
0 is a Rajchman measure on Ĝ = Td. To show that T is mixing in any direction L ∈ Ge,d

we show the stronger result that for any f ∈ L2
O(X, µ), ς T̃f is a Rajchman measure, since then

ς̂ T̃
f (~t ) → 0 for any ||~t|| → ∞. Proposition 2.5 in [15] shows that the Rajchman property is

preserved by absolute continuity. Since ς T̃f ≪ ς T̃O and by Theorem 4.8, ς T̃O ∼ σ̃T
0 it suffices to

show σ̃T
0 is a Rajchman measure on Rd. Taking the Fourier transform of (4.2) over Rd, we

have

(σ̃T
0 )̂ (~t ) =

∑

~n∈Zd

a~n(σ
T
0 ◦ τ−~n)̂(~t ) =

∑

~n∈Zd

a~n

(
e2πi(~n·

~t ) σ̂T
0 (~t )

)
=

(∑

~n∈Zd

a~n e
2πi(~n·~t )

)
σ̂T
0 (~t ),

where

σ̂T
0 (~t ) =

∫

Rd

e−2πi(~ℓ·~t)dσT
0 (
~ℓ ) =

∫

[0,1)d
e−2πi(~ℓ·~t)dσT

0 (
~ℓ ).

is the Fourier transform of σT
0 over Rd, so we need to show that σT

0 is a Rajchman measure
on Rd. By the mixing assumption we know that σT

0 is a Rajchman measure on Td = [0, 1)d,
which means

σ̂T
0 (~n ) =

∫

[0,1)d
e−2πi(~ℓ·~n)dσT

0 (
~ℓ ) → 0 as ||~n|| → ∞ in Zd.

We need to show the same happens for ||~t|| → ∞ in Rd.

Take a sequence ~t ∈ Rd with ||~tj|| → ∞ and suppose |σ̂T
0 (~tj)| ≥ K > 0. Write ~tj = ~nj + ~ωj

where ~nj ∈ Zd and ~ωj ∈ [0, 1)d. By passing to a subsequence we can assume ~ωj → ~ω ∈ [0, 1]d.

Define a measure σ′ by setting dσ′(~ℓ ) = e−2πi(~ℓ·~ω)dσT
0 (
~ℓ ). Note that σ′ ≪ σT

0 and

σ̂′(~nj) =

∫

[0,1)d
e−2πi(~ℓ·~nj)dσ′(~ℓ ) =

∫

[0,1)d
e−2πi(~ℓ·(~nj+~ω))dσT

0 (
~ℓ ).
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Let ǫ < K
2
, then

|σ̂′(~nj)− σ̂T
0 (~tj)| =

∣∣∣∣
∫

[0,1)d
e−2πi(~ℓ·(~nj+~ω)) − e−2πi(~ℓ·~tj)dσT

0 (
~ℓ )

∣∣∣∣

=

∣∣∣∣
∫

[0,1)d
e−2πi(~ℓ·~tj)

(
e−2πi(~ℓ·(~nj+~w−~tj)) − 1

)
dσT

0 (
~ℓ )

∣∣∣∣

=

∣∣∣∣
∫

[0,1)d
e−2πi(~ℓ·~tj)

(
e−2πi(~ℓ·(~w−~wj)) − 1

)
dσT

0 (
~ℓ )

∣∣∣∣

≤ max
~ℓ∈[0,1)d

∣∣e−2πi(ℓ·(~w−~wj)) − 1
∣∣σT

0 ([0, 1)
d) < ǫ

for j sufficiently large. It follows that |σ̂′(nj)| ≥ K
2
for j large enough so it is not Rajchman

on Zd, but yet σ′ ≪ σT
0 , a contradiction. �

A similar argument shows the following.

Proposition 6.10. If T is strong mixing in a direction L then it is weak mixing and ergodic
in the direction L, and in particular, T is ergodic.

6.4. Rigidity and Genericity. In this section we investigate the prevalence of directional
weak mixing and its relationship to rigidity.

Definition 6.11. A Zd-action T is rigid if there exists a sequence ~nk ∈ Zd, called a rigidity
sequence for T , so that T ~nk → Id in the weak topology, i.e., ||T ~nkf − f ||2 → 0 for all
f ∈ L2(X, µ). For rational directions L, we say T is rigid in the direction L if we can choose
all the ~nk ∈ Λ = L ∩ Zd.

We begin by showing that rigidity in a rational direction is compatible with weak mixing
in the direction. For convenience we construct a Zd-action with d = 2, but the result holds
with the same argument for all d ≥ 2.

Proposition 6.12. There is a rigid weak mixing Z2-action T that is rigid in the vertical,
horizontal and diagonal directions, and is weak mixing in all directions.

The proof relies on the following well known characterization of rigidity (see for example
Proposition 2.5, (5) and Corollary 2.6 in [1]), and some classical results about Kronecker sets.

Proposition 6.13. A sequence {~nk} ⊆ Z2 is a rigidity sequence for T if and only if

e2πi(~nk·~ℓ ) → 1 in L2(T2, σT
0 ).

Definition 6.14. A compact subset K ⊆ R is a Kronecker set if every continuous function
ϕ : K → C with |ϕ(a)| = 1 can be uniformly approximated on K by characters.

We state, without proof, the following result due to Wik [28].

Proposition 6.15. There is a Kronecker set K ⊆ [0, 1] with full Hausdorff dimension.

For more details on Kronecker sets see [26] and [17] for a different proof of Proposition 6.15.

Proof of Proposition 6.12. We will use the Gaussian Measure Construction (GMC), as in the
proof of Theorem 5.9, to obtain the required Z2-action T . We begin by describing the measure
σ that we use in the construction.
Let K ⊆ [0, 1] be a Kronecker set of full Hausdorff dimension and consider the product

K × K. The Hausdorff dimension of K × K is 2 (see for example [13]). By Frostman’s
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Lemma [21] this means that for any δ > 0 there is a finite Borel measure σ on K ×K such

that for all ~a ∈ R2 and r > 0, σ({~b ∈ R2 : ‖~b − ~a‖2 ≤ r}) ≤ r2−δ. Letting δ = 1
2
it follows

that σ vanishes on all line segments. But then, the same holds for any convolution power
σ(k) = σ ∗ σ ∗ · · · ∗ σ, k times, with k ≥ 2.
Now just as in Theorem 5.9, the GMC with measure σ yields an ergodic Z2-action T on

a Lebesgue probability space (X, µ) such that σT
0 =

∑∞
n=1 σ

(n)/n! is the restricted spectral
measure for T . Since σT

0 vanishes on all line segments, by Theorem 4.10 T is weak mixing in
all directions.
Fix ǫ > 0. By Definition 6.14, there exist m ∈ Z so that for all a ∈ K, |eima − 1| ≤ ǫ/2.

Hence, we can choose vectors ~nk ∈ Z2 of the form (0,±nk), (±nk, 0), or (±nk,±nk) such
that e2πi(~nk ·~a ) → 1 as k → ∞ for all ~a = (a1, a2) ∈ K ×K. It follows that e2πi(~nk ·~a ) → 1 in
L2(T, σ) and thus in L2(T, σT

0 ).Therefore by Proposition 6.13, T has rigidity sequences {~nk}
of the form {(0,±nk)}, {(±nk, 0)}, and {(±nk,±nk)}. �

We note that because we use the GMC, the Z2-action constructed in the proof of Propo-
sition 6.12 embeds in a rigid, weak mixing R2-action T which is, itself, weak mixing in all
directions. We note that it is not known if there is a rank one action that satisfies Propos-
tion 6.12.

Next, we consider directional weak mixing and rigidity for Zd-actions in the Baire category
sense. In particular, we will consider the weak topology on the set Gd of all measure preserving
Zd-actions on a Lebesgue probability space (X, µ). We will also need a second topology called
the uniform topology.

Definition 6.16. The weak topology on the set Gd is defined by Tn → T if U~n
Tn
f → U~n

T f for

all ~n ∈ Zd and f ∈ L2(X, µ), or equivalently, µ(T ~n
nE△T ~nE) → 0 for all measurable E ⊆ X .

The uniform topology on the set Gd is defined by Tn → T if limn supE⊆X µ(T ~n
nE△T ~nE) = 0

for all ~n ∈ Zd.

Clearly, uniform convergence implies weak convergence.

Lemma 6.17 (see [18]). The weak topology on Gd is Polish (i.e., completely metrizable and
separable). Thus Gd is a Baire space in the weak topology. The uniform topology on Gd is
completely metrizable.

Metrics that give the weak and strong topologies are given in [18]. Both depend on the cor-
responding metrics for the weak and strong topologies in the case of Z-actions, or equivalently
invertible measure preserving transformations, which were discussed in detail by Halmos, [12].
In particular, G := G1 is the group of all invertible measure preserving transformations R
on (X, µ). For the weak topology, let {Ek : k ∈ N} be a dense collection measurable sets
in X for the (complete, separable) metric µ(E△E ′) on sets mod 0. For T, S ∈ G the weak
topology is given by the metric ρ1(T, S) =

∑
k(µ(TEk△SEk) + µ(T−1Ek△S−1Ek)). The

uniform topology is given by the metric

(6.2) δ1(T, S) = µ{x ∈ X : Tx 6= Sx},
(see [12]). For ~n = (n1, n2, . . . , nd) ∈ Zd define ||~n||∞ = maxmi=1 |ni|. Then for T, S ∈ Gd, the
weak topology is given by the complete metric ρd(T, S) =

∑
~n∈Zd 2−||~n||∞ρ1(T

~n, S~n) and the
uniform topology is given by the complete metric

(6.3) δd(T, S) =
∑

~n∈Zd

2−||~n||∞δ1(T
~n, S~n),
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(see [18]).

The idea is that Gd is essentially a closed subset of GZd

with the product topology, where,
G is given either the weak or the uniform topology. Here, GZd

denotes the set of all functions
Zd → G, and Gd is those functions given by ~n 7→ T ~n. Since the product is countable, the nice
properties of G transfer to Gd. For the case of Rd-actions, the technicalities here and in the
arguments that follow are more complicated. We hope to address them in a later paper.
We say a property of a Zd-action is generic (or that a generic Zd-action has the property)

if the property holds for a dense Gδ set of actions T ∈ Gd. Ryzhikov [27] shows that a generic

Zd-action T is weak mixing and embeds in an Rd-action T such that T
|L

is weak mixing for
every L ∈ Gd. Our Corollary 6.6, says that if a weak mixing Zd-action T embeds in in an
Rd-action T , then T and T have the same weak mixing directions. Combining these two, we
see that weak mixing and weak mixing in all directions are generic properties for T ∈ Gd.
Our goal now is to give a direct proof of this:

Theorem 6.18. Let WGd be the set of all weakly mixing T ∈ Gd that are weakly mixing in
all directions. Then WGd is a dense Gδ subset of Gd in the weak-topology.

The remainder the paper consists of the proof of Theorem 6.18. Recall that a Zd-action
T is said to be free if µ{x : T ~nx = x} = 0 for all ~n ∈ Zd\{~0}, and let G ′

d ⊆ Gd be the set
of free Zd-actions. The proof of Theorem 6.18 relies on the following, which is well know for
Z-actions (see e.g., [12] or [15]).
Note that for T ∈ Gd (a Zd-action) and R ∈ G (a measure preserving transformation),

the conjugate action, defined RTR−1 = {RT ~nR−1}~n∈Zd , is isomorphic to T . We define
CT := {RTR−1 : R ∈ G} ⊆ Gd to be the set of all conjugates of T .

Proposition 6.19. Let Gd be the set of all measure preserving Zd-actions T on (X, µ). If
T ∈ G ′

d (i.e., T is aperiodic) then the set CT is dense in Gd in the weak topology.

The proof of Proposition 6.19 uses the Rokhlin lemma. For m ≥ 0 let Qm = {~n ∈ Zd :
||~n||∞ ≤ m}. A set B ⊆ X is called a shape-Qm Rokhlin tower base for a Zd-action T if the
levels T ~nB for ~n ∈ Qm are pairwise disjoint. The Rokhlin tower is TQmB.

Lemma 6.20 (Katznelson-Weiss, [16], Conze, [5]). Let T ∈ G ′
d. Then for any m ≥ 0 and

ǫ > 0 there is a shape Qm Rokhlin tower base B so that so that µ(TQmB) > 1− ǫ.

The proof of Proposition 6.19 also uses the following:

Lemma 6.21 (Glasner-King, [10]). The set G ′
d ⊆ Gd of free actions Zd-actions is dense Gδ

in Gd in the weak topology.

Proof of Lemma 6.19. Fix δ > 0. Choose K so large that
∑

||~n||∞>K

2−||~n||∞ < δ/2.

Let γ < (δ/2)/(2K + 1)d. Let m be large enough that ρ := (2m− dK)/(2m+ 1) > 1 − γ/2
and let ǫ < γ/2.
For T, S ∈ G ′

d, let A,B be shape Qm Rokhlin tower bases for T and S respectively, so that
µ(TQmA) = µ(SQmB) ≥ 1− ǫ. Since µ(A) = µ(B) = (1− ǫ)/(2m+1)d, we can define a map
R(B) = A, bijective measure preserving, but otherwise arbitrary. We extend R to a measure
preserving map R : SQmB → TQmA by R(S~nx) = S~n(Rx) for x ∈ B and ~n ∈ Qm. Finally,
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we define R : (SQmB)c → (SQmA)c, again bijective and measure preserving but otherwise
arbitrary. Clearly R ∈ G. Let T1 = RTR−1. Then by the definition of R, B is a shape Qm

Rokhlin tower base for both S and T1.
Now suppose ||~n||∞ ≤ K. Then (Qm ∩ (Qm − ~n)) + ~n ⊆ Qm. Thus if x ∈ SQm∩(Qm−~n)B,

then S~nx = T ~n
1 x since B is a shape Qm Rokhlin tower base for both S and T1. By (6.2) it

follows that

(6.4) δ1(S
~n, T ~n

1 ) ≤ 1− µ(SQm∩(Qm−~n)B).

Now #(Qm) = (2m+ 1)d, and by the binomial theorem

# (Qm ∩ (Qm − ~n)) ≥ (2m+ 1)d−1(2m− d||~n||∞)

≥ (2m+ 1)d−1(2m− dK).

Thus

µ(SQm∩(Qm−~n)B) ≥ µ(B)(2m+ 1)d−1(2m− dK)

≥ (1− ǫ)ρ > (1− γ/2)2 > 1− γ.

By (6.4), δ1(S
~n, T ~n

1 ) < γ for all ||~n||∞ ≤ K. So (6.3) implies

δd(S,RTR−1) = δd(S, T1) =
∑

~n∈Zd

2−||~n||∞δ1(S
~n, T ~n

1 )

≤ δ/2 +
∑

||~n||∞≤K

δ1(T
~n, T ~n

1 )

≤ δ/2 + (2K + 1)dγ < δ.

This shows CT is dense in the uniform topology, but since uniform convergence implies weak
convergence, it is dense in the weak topology as well. �

In what follows, for T ∈ Gd and f ∈ L2(X, µ), we write σT
f for the spectral measure of f

with respect to the action T , a measure on Td = Ẑd. Also, let I denote the set of all the set
of all flat discs in Td (see the proof of Lemma 6.7).

Lemma 6.22. Let f ∈ L2
0(X, µ) and k ≥ 1. Define

Bk(f) = {T ∈ Gd : σ
T
f (I) ≥ 1/k for some I ∈ I}.

Then Bk(f) is a closed subset of Gd with no interior.

Proof. Let Tn ∈ Bk(f) so that Tn → T in Gd in the weak topology. Equivalently, U~n
Tn
f → U~n

T f

for all f ∈ L2
0(X, µ). Since σ̂T

f (~n ) = (U~n
T f, f) it follows that

∫

Td

e−2πi(~n·~t )dσTn

f →
∫

Td

e−2πi(~n·~t )dσT
f ,

which, by the Stone-Weierstrass theorem implies σTn

f → σT
f in the weak* topology.

Since Tn ∈ Bk(f), we have that σTn

f (In) ≥ 1/k for some In ∈ I. By passing to a subse-
quence, we can assume that there is a flat disc I with the property that for all U ⊇ I open,
there is an open set U ′ with I ⊆ U ′ ⊆ U so that In ⊆ U ′ for all sufficiently large n. Thus for
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such n we have σTn

f (U ′) ≥ 1/k. Let h ∈ C(T2) satisfy h = 1 on U ′ and h = 0 on U c. Then
for all ǫ > 0, and sufficiently large n, we have

1

k
≤ σT

f (U
′) ≤

∫

Td

h dσT
f ≤

∫

Td

h dσT
f + ǫ.

Letting ǫ go to zero and noting that χU ≥ h we have

σT
f (U) ≥

∫

Td

h dσT
f ≥ 1/k.

Using the outer regularity of σ, we conclude that σT
f (I) ≥ 1/k, so T ∈ Bk(f).

To see that Bk(f) has no interior, we note that the strong mixing actions T are dense in
Gd. In particular, if T is strong mixing then T is free (i.e., T ∈ G ′

d), so by Proposition 6.19,
CT = {RTR−1 : R ∈ G} is dense in Gd. But every T ′ ∈ CT is isomorphic to T , so T ′ is strong
mixing. Thus there is a dense set of T ∈ Gd so that T /∈ Bk(f) for any k. �

Proof of Theorem 6.18. Let fn ∈ L2
0(X, µ) be a dense sequence. Suppose T /∈ WGd, i.e. T

is not weakly mixing in some direction. Then there is f ∈ L2
0(X, µ) and k ≥ 1 such that

the spectral measure σT
f has σT

f (I) ≥ 1/k for some I ∈ I. Approximating f by the dense

sequence, we have that there is some fn with σT
fn
(I) ≥ 1/(2k) for some I ∈ I. In particular,

WGc
d ⊆

∞⋃
k=1

∞⋃
n=1

Bk(fn). But also clearly,
∞⋃
k=1

∞⋃
n=1

Bk(fn) ⊆ WGc
d. By Lemma 6.22, WGd is a

dense Gδ. �
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[14] Aimee S. A. Johnson and Ayşe A. Şahin. Directional recurrence for infinite measure preserving Zd

actions. Ergodic Theory Dynam. Systems, 35(7):2138–2150, 2015.



DIRECTIONAL ERGODICITY AND WEAK MIXING 25

[15] Anatole Katok and Jean-Paul Thouvenot. Spectral properties and combinatorial constructions in ergodic
theory. In Handbook of dynamical systems. Vol. 1B, pages 649–743. Elsevier B. V., Amsterdam, 2006.

[16] Yitzhak Katznelson and Benjamin Weiss. Commuting measure-preserving transformations. Israel J.
Math., 12:161–173, 1972.

[17] Robert Kaufman. A functional method for linear sets. Israel J. Math., 5:185–187, 1967.
[18] Alexander S. Kechris. Global Aspects of Ergodic Group Actions, volume 160 of Mathematical Surveys

and Monographs. The American Mathematical Society, 2010.
[19] Chunlin Liu and Leiye Xu. Directional bounded complexity, mean equicontinuity and discrete spectrum

for Zq actions. Preprint, 2021.
[20] Chunlin Liu and Leiye Xu. Directional kroenecker algebra for Zq actions. Preprint, 2021.
[21] Pertti Mattila. Geometry of sets and measures in Euclidean spaces, volume 44 of Cambridge Studies in

Advanced Mathematics. Cambridge University Press, Cambridge, 1995. Fractals and rectifiability.
[22] John Milnor. Directional entropies of cellular automaton-maps. In Disordered systems and biological

organization (Les Houches, 1985), volume 20 of NATO Adv. Sci. Inst. Ser. F Comput. Systems Sci.,
pages 113–115. Springer, Berlin, 1986.

[23] John Milnor. On the entropy geometry of cellular automata. Complex Systems, 2(3):357–385, 1988.
[24] Kyewon Koh Park. On directional entropy functions. Israel J. Math., 113:243–267, 1999.
[25] Charles Pugh and Michael Shub. Ergodic elements of ergodic actions. Compositio Math., 23:115–122,

1971.
[26] Walter Rudin. Fourier analysis on groups. Interscience Tracts in Pure and Applied Mathematics, No.

12. Interscience Publishers (a division of John Wiley and Sons), New York-London, 1962.
[27] V. V. Ryzhikov. Factors, rank, and embedding of a generic Zn-action in an Rn-flow. Uspekhi Mat. Nauk,

61(4(370)):197–198, 2006.
[28] Ingemar Wik. Some examples of sets with linear independence. Ark. Mat., 5:207–214 (1964), 1964.

(E. A. Robinson) Department of Mathematics, George Washington University, Washington,

DC 20052

(J. Rosenblatt) Department of Mathematics, University of Illinois at Urbana-Champaign,

Urbana, IL 61801
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