
LATTICE PATH MATROIDS: THE EXCLUDED MINORS

JOSEPH E. BONIN

ABSTRACT. A lattice path matroid is a transversal matroid for which some antichain of
intervals in some linear order on the ground set is a presentation. We characterize the
minor-closed class of lattice path matroids by its excluded minors.

1. INTRODUCTION

Among transversal matroids, it is natural to consider thosefor which some presentations
have special structure. We consider transversal matroids for which at least one presentation
consists of intervals in some linear order on the ground set and no interval contains another;
this gives the classL of lattice path matroids. Unlike the class of all transversal matroids, if
a matroid is inL, then so are its minors. A major theme in matroid theory is characterizing
minor-closed classes of matroids by their excluded minors,that is, by the minor-minimal
matroids that are not in the class; we give such a characterization ofL. After a section of
background, this result and its proof occupy the rest of the paper.

We briefly sketch this research area. Nested matroids, the minor-closed subclass ofL
whose members have presentations that are chains of intervals in linear orders, have been
introduced many times and under many names (see [1]), apparently first by H. Crapo [5].
As N. White noted in his review of [1] in Mathematical Reviews,R. Stanley mentioned
lattice path matroids (without this name) in [14]; no results were given. Independently,
J. Lawrence [9] introduced and studied oriented counterparts of these matroids. Lattice
path matroids were independently introduced and studied indepth in [1, 2]; the lattice
path perspective used there accounts for the name. They havebeen studied further by
J. Schweig [13] and applied to a problem in enumeration by A. de Mier and M. Noy [7].
A larger minor-closed class of transversal matroids was defined and studied in [3]. In [6],
A. de Mier used lattice paths in higher dimensions to define a related type of flag matroid.
Following a suggestion by V. Reiner [12] that there should bea type-B counterpart of the
Catalan matroid (a certain nested matroid), J. Bonin and A. de Mier defined a class of
Lagrangian matroids based on lattice paths; this topic has been studied by A. Gundert,
E. Kim, and D. Schymura [8].

2. BACKGROUND

We assume that readers have a general knowledge of matroid theory (see [10, 15] for
excellent accounts), including basic results about transversal matroids (see [4, 10, 15]).
The results we use to prove the excluded-minor characterization ofL are collected below.
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2.1. Connected flats.A flat F of a matroidM is connectedif the restrictionM |F is
connected. No connected flat of rank two or more can be trivial, that is, independent. The
following lemma, akin to [10, Exercise 2.1.13], is easy to prove.

Lemma 2.1. A loopless matroid is determined by (a) its ground set and (b)its collection
of nontrivial connected flats and their ranks.

Lemma 2.2. If F is a flat ofM andx ∈ E(M) − F , thenM/x|F = M |F ; thus, ifF is
connected andclM (x) = {x}, thenclM/x(F ) is a connected flat ofM/x.

The connected flats in the definition below play major roles inthis paper. (All references
to incomparability in this paper are with respect to containment.)

Definition 2.3. The proper nontrivial connected flats of a matroid are itspnc-flats. A
pnc-flat is reducibleif it is the intersection of some pair of incomparable pnc-flats. A
fundamental flatis a pnc-flatF such that, for some spanning circuitC of the matroid,
F ∩ C is a basis ofF .

We illustrate these definitions with the matroid in Figure 1,part (iii). Its fundamental
flats are{1, 2}, {1, 2, 3, 4, 5}, and{4, 5, 6, 7}; for each of them, the required spanning
circuit is{1, 3, 6, 7}; all three are irreducible. The only other pnc-flat,{4, 5}, is reducible.

2.2. Lattice path matroids. Many of the results in this subsection are from [1]; others
are extensions or refinements that are tailored to the work inthis paper.

Although Definition 2.4 best suits the work in this paper, we start with the point of view
used in [1, 2] since it can provide valuable insight. The lattice paths we consider are finite
sequences of steps of unit length, each going either north,N , or east,E. Given two lattice
pathsP andQ from (0, 0) to a point(m, r) with P never going aboveQ, letP be the set of
paths from(0, 0) to (m, r) that remain in the region thatP andQ bound. (For the diagram
in Figure 1, part (i), the bounding paths areP = EENEENN andQ = NENEENE.)
Label each north step in the diagram with the position it has in the paths that contain it. Let
Ji be the set of labels on the north steps in thei-th row of the diagram (indexed from the
bottom up). (See Figure 1, part (ii).) Observe that for each path inP, the set of positions
that its north steps occupy is a transversal of the set systemA = (J1, J2, . . . , Jr). This
map fromP to the set of bases of the transversal matroid on{1, 2, . . . ,m+r} arising from
the set systemA is clearly injective. In this setting, Proposition 2.5 saysthat this map is
surjective. The following definition replaces{1, 2, . . . ,m + r} with any linearly ordered
set and replacesA by any collection of incomparable intervals in this linear order.

Definition 2.4. A lattice path matroidis a transversal matroid that has a presentation by
an antichain of intervals in some linear order on the ground set.

We elaborate on this definition and thereby establish the notation that we use below. A
lattice path matroidM of rankr has a presentationA = (J1, J2, . . . , Jr) where, relative
to some linear ordere1 < e2 < · · · < en on E(M), the setJi is an interval[ai, bi] (thus,
ai ≤ bi) and we havea1 < a2 < · · · < ar andb1 < b2 < · · · < br. Such a linear order is
a path orderof M , the elementse1 anden areterminal elementsof M , and we callA an
interval presentationof M . LetL be the class of lattice path matroids.

A matroid inL may have many path orders and many terminal elements. For example,
for the lattice path matroid in Figure 1, in addition to the natural order on the ground set,
the order2 < 1 < 3 < 5 < 4 < 7 < 6 is a path order; in this order, the intervals
{2, 1, 3}, {3, 5, 4, 7}, {7, 6} make up the interval presentation. Thus,1, 2, 6, and7 are
terminal elements (by Corollary 2.14 below, these are the only terminal elements). As a
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FIGURE 1. (i) A region bounded by two lattice paths. The label on each
north step reflects the position of that step in all paths it isin. (ii) The
set system that arises from the labels in the rows. (iii) The transversal
matroid defined by this set system.

general class of examples, we note that all uniform matroidsare inL and all linear orders
on their ground sets are path orders, so all of their elementsare terminal. Note that if
e1 < e2 < · · · < en is a path order ofM ∈ L, then so ise1 > e2 > · · · > en.

From the next result (which is essentially [2, Theorem 3.3]), it easily follows that the
bases of any lattice path matroid can be identified with the paths in a certain region of the
plane; this connects the two perspectives on these matroids.

Proposition 2.5. For M ∈ L, fix a path order and interval presentation ofM . If the
elements of a basis ofM arex1 < x2 < · · · < xr, thenxi ∈ Ji for 1 ≤ i ≤ r.

The classL is easily seen to be closed under direct sums. By the following result [1,
Theorem 3.5], connectivity can be determined readily from any interval presentation.

Proposition 2.6. Given an interval presentationA of M ∈ L as above,M is connected if
and only ifa1 = e1, br = en, andai+1 ≤ bi for all i with 1 ≤ i < r.

The next result [1, Theorem 5.3] identifies the fundamental flats of connected lattice
path matroids.

Proposition 2.7. Let M ∈ L be connected. Fix a path order and interval presentation as
given after Definition 2.4. The fundamental flats ofM are of the following two types.

(i) The interval[e1, eh] is a fundamental flat if and only ifeh+1 = aj+1 for somej
with 1 ≤ j < r and

∣

∣[aj , aj+1]
∣

∣ > 2. In this case,[e1, eh] has rankj.
(ii) The interval[ei, en] is a fundamental flat if and only ifei−1 = bk for somek with

1 ≤ k < r and
∣

∣[bk, bk+1]
∣

∣ > 2. In this case,[ei, en] has rankr − k.

Since the definition of a fundamental flat does not use a linearorder on the ground
set, applying this result to each connected component of a lattice path matroid yields the
following corollary [1, Theorem 5.6].

Corollary 2.8. For each path order ofM ∈ L, there is only one interval presentation.

The following result (which joins [2, Theorem 3.5] and [1, Corollary 5.5]) is transparent
from the lattice path perspective.

Proposition 2.9. If M ∈ L, thenM∗ ∈ L. If M is also connected, then the fundamental
flats ofM∗ are the set complements of the fundamental flats ofM .

The following result [1, Theorem 5.10] plays a key role in ourwork; it characterizes
connected lattice path matroids. We useη for the nullity function:η(X) = |X| − r(X).

Proposition 2.10. A connected matroidM is inL if and only if the properties below hold.
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(i) The fundamental flats ofM form at most two disjoint chains under inclusion, say
F1 ⊂ F2 ⊂ · · · ⊂ Fh andG1 ⊂ G2 ⊂ · · · ⊂ Gk.

(ii) If Fi ∩ Gj 6= ∅, thenFi ∪ Gj = E(M).
(iii) The pnc-flats ofM other thanF1, F2, . . . , Fh, G1, G2, . . . , Gk are the intersec-

tionsFi ∩ Gj whereη(M) < η(Fi) + η(Gj).
(iv) If Fi ∩ Gj is a pnc-flat, thenr(Fi ∩ Gj) = r(Fi) + r(Gj) − r(M).

Note that property (ii) precludes any inclusion among any fundamental flatsFi andGj .

Corollary 2.11. The fundamental flats of a connected matroid inL are its irreducible
pnc-flats.

Corollary 2.12. LetF andG be pnc-flats ofM ∈ L that are not disjoint. IfF ∪ G spans
M , thenF ∪ G = E(M).

The following corollary of Lemma 2.1 and Proposition 2.10 is[1, Corollary 5.8].

Corollary 2.13. The automorphisms of a connected matroid inL are the permutations of
the ground set that induce rank-preserving permutations ofthe set of fundamental flats.

With this result, we can identify the terminal elements as follows.

Corollary 2.14. AssumeM ∈ L is connected. IfM has just one chain of fundamental
flats, sayF1 ⊂ · · · ⊂ Fh, then its set of terminal elements isF1 ∪

(

E(M) − Fh

)

. If M
has two chains of fundamental flats, sayF1 ⊂ · · · ⊂ Fh andG1 ⊂ · · · ⊂ Gk, then its set
of terminal elements is(F1 − Gk) ∪ (G1 − Fh).

We now turn to the minors of lattice path matroids. The classL is closed under minors
[1, Theorem 3.1]. Furthermore, given a path order ofM ∈ L and a minorN of M , the
induced order onE(N) is a path order. Thus, ifx ∈ E(N) is a terminal element ofM ,
thenx is a terminal element ofN .

We next give the interval presentation of a single-element contraction. The last assertion
in the next result plays several key roles in our work. We firstnote that if a presentationA
is as given after Definition 2.4, then the sets inA that contain a particular non-loopy are
successive intervalsJs, Js+1, . . . , Jt for somes andt.

Proposition 2.15. Fix a path order ofM ∈ L; let the corresponding interval presentation
beA. Assumey ∈ E(M) is not a loop and letJs, Js+1, . . . , Jt be the sets ofA that
containy. The interval presentation ofM/y for the induced path order is

A′ =

{

(J1, J2, . . . , Js−1, Js+1, . . . , Jr), if s = t,
(J1, J2, . . . , Js−1, J

′
s, J

′
s+1, . . . , J

′
t−1, Jt+1, . . . Jr), if s < t,

whereJ ′
i = (Ji ∪ Ji+1)− y. Also, ifx ∈ E(M)− (Js ∩ Js+1 ∩ · · · ∩ Jt), thenx is in the

same number of sets inA′ as inA.

Proof. The bases ofM/y are the setsB ⊆ E(M) − y for which B ∪ y is a basis ofM ,
so we are claiming thatB ∪ y is a transversal ofA if and only if B is a transversal of
A′. The cases = t is immediate, so assumes < t. Let B = {x1, x2, . . . , xr−1} with
x1 < x2 < · · · < xk < y < xk+1 < · · · < xr−1. By Proposition 2.5, ifB ∪ y is a
transversal ofA, then (a)xi ∈ Ji for 1 ≤ i ≤ k, (b) y ∈ Jk+1, and (c)xi ∈ Ji+1 for
k + 1 ≤ i ≤ r − 1. Thus,xi ∈ J ′

i for s ≤ i < t, soB is a transversal ofA′. The converse
follows with a similar argument upon noting that ifxi < y andxi ∈ J ′

h, thenxi ∈ Jh

(note that[ah+1, y] ⊂ [ah, y]); likewise, if y < xi andxi ∈ J ′
h, thenxi ∈ Jh+1; thus,y

can representJk+1. The last assertion is immediate. �



J. Bonin, Lattice path matroids: The excluded minors,J. Combin. Theory Ser B100(2010) 585–599. 5

The following two corollaries of Propositions 2.6, 2.7, and2.15 guarantee that certain
single-element contractions are connected.

Corollary 2.16. AssumeM ∈ L is connected. Lete be a terminal element ofM . Let the
fundamental flats ofM that containe beF1 ⊂ F2 ⊂ · · · ⊂ Fh. If r(F1) > 1, thenM/e is
connected andF1 − e, F2 − e, . . . , Fh − e are fundamental flats ofM/e.

Corollary 2.17. AssumeM ∈ L is connected and, in a given path order,x is neither the
first nor the last element. The contractionM/x is connected if and only ifx is in at least
two sets in the interval presentation. In particular, in thenotation introduced above, if
1 < i ≤ r, thenM/ai is connected; also, if1 ≤ j < r, thenM/bj is connected.

Given a presentationA of a transversal matroidM , we obtain a presentation ofM\e
from A by removinge from all sets. ForM ∈ L, some adjustment may be needed so that
the presentation ofM\e is an antichain; for our work, it suffices to treat these adjustments
whene is not a loop ande is either the least element,e1, or the greatest element,en. If
J1 = {e1}, then(J2, J3, . . . , Jr) is the interval presentation ofM\e1 for the induced path
order. If {e1} ⊂ J1, then(J1 − e1, J2 − e2, . . . , Jr − er) is the interval presentation of
M\e1 since, by Proposition 2.5,ei, the(i − 1)-st element ofE(M\e1), is not needed in
thei-th set; note that, in this case, ifei ∈ Ji with 1 < i ≤ r, thenei is the lower endpoint
of Ji−1 − ei−1. The interval presentation ofM\en is obtained similarly.

Lemma 2.18.For M ∈ L, letx be in an intervalI in a given path order ofM . LetA be the
corresponding interval presentation ofM and letA′ be the induced interval presentation
of the restrictionM |I. Eitherx is an upper or lower endpoint of some interval inA′ or x
is in the same number of intervals inA′ as inA.

We turn to spanning circuits. Although the following resultis part of [1, Theorem 3.6],
we give the proof since it is relevant for the remarks below.

Proposition 2.19. Let M ∈ L be connected and nontrivial. Fix an interval presentation
A of M as above. Ifx is in at least two sets inA or x ∈ {a1, br}, thenx is in a spanning
circuit of M .

Proof. The case ofx ∈ {a1, br} follows from the proof we give whenx is in two sets, say
x ∈ Ji ∩ Ji+1. SinceM is connected,ah ∈ Jh−1 ∩ Jh if h > 1; also,bk ∈ Jk ∩ Jk+1 if
k < r. Therefore eachr-subset ofC = {a1, a2, . . . , ai, x, bi+1, . . . , br} is a transversal of
A and hence a basis ofM , soC is a spanning circuit. �

Note thatM\x is connected if some spanning circuit ofM does not containx. This
applies ifx ∈ F1−{a1, a2, . . . , ar} whereF1 is the smallest fundamental flat that contains
the least elemente1. If all pairs of incomparable fundamental flats ofM are disjoint, then,
by Corollary 2.13, the automorphism group ofM is transitive onF1. These observations
give the following result.

Corollary 2.20. AssumeM ∈ L is connected and has at least one fundamental flat. If
all pairs of incomparable fundamental flats ofM are disjoint, then for any elementx in a
smallest fundamental flat ofM , the deletionM\x is connected.

Proposition 2.19 will sometimes be used with the following lemma about any matroid.

Lemma 2.21. If M is connected andy is in the spanning circuitC of M , thenC − y is a
spanning circuit ofM/y. Thus, if, in addition,cl(y) = {y}, thenM/y is connected.

Lemma 2.18 and Proposition 2.19 have the following corollary.
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Corollary 2.22. For M ∈ L, let x be in an intervalI in a given path order ofM and let
A be the corresponding interval presentation ofM . If M |I is connected andx is either a
terminal element ofM or in at least two intervals inA, thenx is in a spanning circuit of
M |I.

This corollary applies, for instance, ifI is a pnc-flat since, by Propositions 2.7 and 2.10,
such flats are intervals in any path order.

We close this subsection by briefly mentioning a special typeof lattice path matroid.
Matroids that have interval presentationsA as above where either{a1, a2, . . . , ar} or
{b1, b2, . . . , br} is an interval in the path order arenested matroids(called generalized
Catalan matroids in [1]). LetC be the class of these matroids. A connected matroid inL
is nested if and only if its fundamental flats form a chain. Thefollowing related result is
essentially Lemma 2 of [11].

Proposition 2.23. A loopless matroid is inC if and only if its pnc-flats form a chain.

Let Pn be Tn(Un−1,n ⊕ Un−1,n), the truncation to rankn of the direct sum of two
n-circuits. Thus,Pn is the rank-n paving matroid whose only pnc-flats are two disjoint
circuit-hyperplanes whose union is the ground set. The following result is from [11].

Proposition 2.24. A matroid is inC if and only if it has noPn-minor for anyn ≥ 2.

2.3. Parallel connections.For our purposes, the next result [10, Proposition 7.1.13] can
be taken as the definition of theparallel connectionPx(M1,M2) of matroidsM1 andM2

using basepointx. The special casePx(M,U1,2) is theparallel extensionof M atx.

Proposition 2.25. Assume thatM1 andM2 are matroids withE(M1) ∩ E(M2) = {x}
andrM1

(x) + rM2
(x) > 0.

(1) A setB ⊆ E(M1) ∪ E(M2) with x ∈ B is a basis ofPx(M1,M2) if and only if
B ∩ E(Mi) is a basis ofMi for bothi ∈ {1, 2}.

(2) A setB ⊆ E(M1) ∪ E(M2) with x 6∈ B is a basis ofPx(M1,M2) if and only
if, for some distincti and j in {1, 2}, the setB ∩ E(Mi) is a basis ofMi and
(

B ∩ E(Mj)
)

∪ x is a basis ofMj .

It follows that if M1 andM2 are simple, then their ground sets are flats ofPx(M1,M2).
We will use the result below [10, Proposition 7.1.15] on minors of parallel connections.

Proposition 2.26. For y ∈ E(M1) − x, we havePx(M1,M2)\y = Px(M1\y,M2) and
Px(M1,M2)/y = Px(M1/y,M2). Also,Px(M1,M2)/x = (M1/x) ⊕ (M2/x).

ClearlyPx(M1,M2) = Px(M2,M1), so the analogous results hold fory ∈ E(M2)−x.
The next result [10, Theorem 7.1.16] gives an important linkbetween connectivity and

parallel connection.

Proposition 2.27. LetM be a connected matroid withx ∈ E(M). If M/x = M1 ⊕ M2,
thenM = Px

(

M\E(M2),M\E(M1)
)

; furthermore, bothM\E(M2) and M\E(M1)
are connected.

3. THE EXCLUDED M INORS OFLATTICE PATH MATROIDS

Theorem 3.1 gives the excluded minor characterization ofL. With four exceptions, the
excluded minors fall into five infinite families, one of whichis self-dual. The first members
of these infinite families, along with the four exceptions, are shown in Figure 2.

In Theorem 3.1 and its proof, we use the following notation. The free extension and
the free coextension ofM by e are denotedM + e andM × e, respectively. Besides the
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FIGURE 2. Some excluded minors of lattice path matroids. Those in the
top row are in infinite families of excluded minors.

matroidsPn in Proposition 2.24, a family of matroids that plays an important role in this
work is P ′

n = Pn−1 × e for n ≥ 3. Equivalently,P ′
n = Tn

(

Pe(Un−1,n, Un−1,n)
)

, the
truncation to rankn of the parallel connection of twon-circuits.

Theorem 3.1. A matroid is a lattice path matroid if and only if it has none ofthe following
matroids as minors:

(1) An = P ′
n + x, for n ≥ 3,

(2) Bn,k = Tn(Un−1,n ⊕ Un−1,n ⊕ Uk−1,k) and its dualCn+k,k, for n ≥ k ≥ 2,
(3) Dn = (Pn−1 ⊕ U1,1) + x and its dualEn, for n ≥ 4,
(4) the rank-3 wheel,W3, the rank-3 whirl, W3, and
(5) the matroidR3 and its dualR4 (see Figure 2).

Note thatAn is self-dual. The matroidCn+k,k is a paving matroid of rankn + k; its
ground set can be partitioned into setsX,Y,Z with |X| = |Y | = n and|Z| = k so that
the only nontrivial hyperplanes areX ∪ Y , X ∪ Z, andY ∪ Z, two (or all, if n = k) of
which are circuits. InEn, the elementx is in a2-circuit andEn\x = P ′

n

With Proposition 2.10, it is not hard to show that the matroids in items (1)–(5) of the
theorem are excluded minors forL; this was addressed in [1]. Our contribution is the proof
that the list of excluded minors is complete; this occupies the rest of this paper.

Let EL be the set of excluded minors ofL and letE be the set of those in items (1)–(5)
of the theorem. Our goal is to proveEL−E = ∅. We attain this goal through a sequence of
lemmas in which we deduce properties that any matroid inEL−E must have. The argument
culminates in the proof that any such matroid satisfies the conditions in Proposition 2.10
and so is inL; this contradiction gives the desired conclusion, thatEL = E .

Some properties of matroids inEL are transparent and will be used freely. Specifically,
sinceL is closed under direct sums, all matroids inEL are connected. Also, sinceL is
closed under duality,M ∈ EL if and only if M∗ ∈ EL.

To help readers keep the big picture in mind while examining the details, we start with
an outline of the proof. (The labels below corresponds to thesubsections into which we
divide the proof.)
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(3.1) We first treat parallel connections of lattice path matroids. ForM1,M2 ∈ L with
E(M1)∩E(M2) = {x}, we determine whetherPx(M1,M2) is inL; we show that
unless some simple sufficient conditions are met,Px(M1,M2) has one ofBn,2,
C4,2, En, R3, or R4 as a minor.

(3.2) We then turn to connectivity properties that any matroid M ∈ EL−E has. With the
results in Subsections 2.3 and 3.1, routine arguments show that for anyx ∈ E(M),
the contractionM/x is connected. By duality,M\x is also connected; duality,
applied to the results in Subsection 3.1, is howCn+2,2 andDn enter the argument.
We also prove a lemma that requires using results that are particular to the lattice
path setting: for allx, y ∈ E(M), the minorM\x/y is connected. The matroids
A3, W3, andW3 arise in the proof of this lemma.

(3.3) The theme of the third subsection is fundamental flats.We show that for any
matroidM ∈ EL−E , the fundamental flats ofM are the set complements of those
of M∗; also, the fundamental flats ofM are its irreducible pnc-flats. The proofs
of these results use their counterparts for lattice path matroids (Proposition 2.9
and Corollary 2.11), the connectivity results, and severallemmas that relate the
fundamental flats and pnc-flats ofM to such flats in its single-element deletions
and contractions. These results play roles in the proof of the main result of the
subsection:W3, W3, Bn,k, andCn+k,k are the only excluded minors forL that
have three or more mutually incomparable fundamental flats.

(3.4) With the result just mentioned, it is not hard to show that the fundamental flats
of any matroidM ∈ EL − E form at most two chains under inclusion. This is a
major part of our goal, which we achieve in the final subsection: using the earlier
lemmas, we show that the conditions in Proposition 2.10 holdfor M , thus giving
the contradiction that showsEL = E . The matroidAn appears in the argument.

3.1. Parallel connections of lattice path matroids.We start by giving simple conditions
that guarantee that certain parallel connections of matroids inL are also inL.

Lemma 3.2. LetM1,M2 ∈ L be nontrivial and connected matroids of positive rank with
E(M1) ∩ E(M2) = {x}.

(i) If x is a terminal element of bothM1 andM2, thenPx(M1,M2) ∈ L.
(ii) If M1 is a parallel connection using basepointx, thenPx(M1, U1,2) ∈ L.

Proof. To prove assertion (i), fix path orders

e1 < e2 < · · · < em < x and x < f1 < f2 < · · · < fn

of M1 andM2, respectively, with the corresponding interval presentations

A1 = (J1, J2, . . . , Jr1
) and A2 = (J ′

1, J
′
2, . . . , J

′
r2

).

Thus, x is the upper endpoint ofJr1
and the lower endpoint ofJ ′

1. It follows from
Proposition 2.25 that(J1, . . . , Jr1−1, Jr1

∪ J ′
1, J

′
2, . . . , J

′
r2

) is the interval presentation
of Px(M1,M2) for the path ordere1 < · · · < em < x < f1 < · · · < fn.

Assertion (i) gives assertion (ii) ifx is terminal inM1, so assumex is not terminal. By
Proposition 2.26,M1/x is disconnected, so, by Corollary 2.17,x is in just one set in an
interval presentationA of M1. To obtain an interval presentation of the parallel extension
of M1 by y, inserty immediately afterx in the path order ofM1 and adjoiny to the only
interval inA that containsx. �

The next lemma is the converse of the previous lemma.
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x
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x

N2

.

. .

FIGURE 3. Two minors that arise in the proof of Lemma 3.4.

Lemma 3.3. Let M be connected. AssumeM = Px(M |S1,M |S2) whereS1 andS2 are
proper subsets ofE(M) with S1 ∩ S2 = {x}. If M ∈ L, then eitherx is in a 2-circuit of
M or x is a terminal element of bothM |S1 andM |S2.

Proof. Assumex is not in a2-circuit of M . Fix a path ordere1 < e2 < · · · < en of
M . Since cl(x) = {x}, bothS1 andS2 are pnc-flats ofM . SinceS1 ∪ S2 = E(M) and
S1 ∩ S2 = {x}, the description of pnc-flats given in Propositions 2.7 and 2.10 implies that
S1 andS2 are, in some order,[e1, x] and[x, en], sox is terminal inM |S1 andM |S2. �

The following lemma is the main result of this subsection; itshows that known excluded
minors arise from parallel connections of pairs of matroidsin L that do not satisfy the
conditions in Lemma 3.2.

Lemma 3.4. AssumeE(M1) ∩ E(M2) = {x} for nontrivial connected matroidsM1,M2

in L of positive rank. Assumex is nonterminal inM1; if M1/x is disconnected, then also
assumer(M2) > 1. At least one ofBn,2, C4,2, En, R3, R4 is a minor ofPx(M1,M2).

Proof. If {x, y} is a circuit ofM1, then sincex is nonterminal inM1, it is nonterminal in
M1\y. Thus, it suffices to prove the result when clM1

(x) = {x}.
AssumeM1/x is disconnected. By Proposition 2.27,M1 is the parallel connection,

at x, of two connected matroids, each of rank at least two since clM1
(x) = {x}, so, by

Proposition 2.26,M1 has aP ′
3-minor with x in both 3-circuits. Nowr(M2) > 1, so

Px(M1,M2) has, as a minor, the parallel connection of three3-circuits with the basepoint
x; deletingx from this minor yieldsC4,2.

Now assumeM1/x is connected. Fix a path order ofM1. SinceM1 has a nonterminal
element, it is not uniform. Thus,M1 has a chainF1 ⊂ · · · ⊂ Fh of fundamental flats; also,
if M1 6∈ C, then it has a second such chain, sayG1 ⊂ · · · ⊂ Gk. By Corollary 2.14 and
the observation that ifM1 6∈ C, then its two chains of fundamental flats play similar roles,
we may assume one of the following options holds:

(i) x ∈ Fi − Fi−1 for somei with 1 < i ≤ h,
(ii) x ∈ F1 ∩ G1, or

(iii) x 6∈ Fh ∪ Gk.

Assumex ∈ Fi − Fi−1. Among all minors ofM1 that meet the following conditions,
let N be one for which|E(N)| is minimal:

(a) x ∈ E(N),
(b) N andN/x are connected, and
(c) for at least one of the chainsF ′

1 ⊂ · · · ⊂ F ′
t of fundamental flats ofN , we have

x ∈ F ′
s − F ′

s−1 for somes with 1 < s ≤ t.

We claim thatN is one of the two matroids in Figure 3. To see this, first note that, by
Corollary 2.17, sinceN/x is connected,x is in at least two intervals in the induced interval
presentationA′ of N . We may assumeF ′

1 contains the least element,a, of E(N). If



10 J. Bonin, Lattice path matroids: The excluded minors,J. Combin. Theory Ser B100(2010) 585–599.

r(F ′
1) > 1, then, by Corollary 2.16,N/a would contradict the minimality of|E(N)| (note

that sincea is terminal inN/x, Corollary 2.16 implies thatN/a, x would be connected);
thus,r(F ′

1) = 1. If either |F ′
1| > 2 or s > 2, thenN\a would contradict the minimality

of |E(N)|, soF ′
1 is a2-circuit ands = 2. We claimr(F ′

2) = 2. Assume, to the contrary,
r(F ′

2) > 2. Consider the intervalsJ2 = [a2, b2] andJ3 = [a3, b3] of A′. If a2 6= x,
then, sinceN is connected, eitherJ1 ∩ {a2, x} = {a2} or x is in at least three intervals;
thus, by Proposition 2.15,x is in at least two intervals in the presentation ofN/a2, which
is connected by Corollary 2.17; these conclusions contradict the minimality of|E(N)|, so
a2 = x. Thusx 6∈ J3, soN/a3 is connected and hasx in at least two presentation intervals,
which contradicts the minimality of|E(N)|. Thus,F ′

2 is a line. The minimality of|E(N)|
also gives|F ′

2| = 4. If r(N) > 3, thenN/ak, whereJk = [ak, bk] is the last interval inA′,
would contradict the minimality of|E(N)|, sor(N) = 3. Similar arguments show that
E(N) − F ′

2 is an independent set of size two. SinceN/x is connected,(E(N) − F ′
2) ∪ x

is not a line. Thus,N is eitherN1 or N2 of Figure 3. IfN = N1, then, by Lemma 2.26,
any parallel connection withM1 atx has anR3-minor; if N = N2, then any such parallel
connection has aB2,2-minor.

Now assumex ∈ F1∩G1. Among all minors ofM1 that meet the following conditions,
let N be one for which|E(N)| is minimal:

(a) x ∈ E(N),
(b) N andN/x are connected,
(c) not all fundamental flats ofN are comparable, and
(d) x is in all fundamental flats ofN .

We claim thatN is eitherP ′
n, for somen ≥ 4, or the simplification ofR4. LetF (resp.,G)

be the smallest fundamental flat that contains the least (resp., greatest) element ofE(N).
Property (d) implies thatx is in all pnc-flats, so, by property (b),N has no2-circuits. If
r(F ) ≤ r(N)−2, thenN/b, whereb is the greatest element ofE(N), would contradict the
minimality of |E(N)|, soF (and likewiseG) is a hyperplane ofN . If r(F ) = r(G) = 2,
thenN would be the parallel connection, atx, of two lines, soN/x would be disconnected;
this contradiction impliesr(N) ≥ 4. SinceF andG are the only fundamental flats ofN ,
by Proposition 2.10, the only possible pnc-flat ofN besidesF andG is F ∩G. Thus,N |F
(and likewiseN |G) is a nested matroid since its pnc-flats form a chain. By Corollary 2.17
and Proposition 2.19, there is a spanning circuitC of N with x ∈ C. If F ∩ G were a
pnc-flat, thenF ∩ G 6⊆ C and the nested matroidN |F andN |G would not be uniform; it
follows thatN\y, for anyy ∈ (F ∩ G) − C, would contradict the minimality of|E(N)|.
Thus,F andG are the only pnc-flats ofN . SinceN |F andN |G are uniform, by the
minimality of |E(N)|, bothF andG are circuits. Assume first|F ∩ G| = r(N) − 2, so
|F −G| = 2 = |G−F |. If r(N) > 4, thenN/y, for anyy ∈ (F ∩G)−x, would contradict
the minimality of|E(N)|. Thus,r(N) = 4 andN is the simplification ofR4, with x in
both4-circuits; therefore any parallel connection usingM1 with x as the basepoint has an
R4-minor. (To prepare for the next paragraph, note that the dual of this minorN is a line
with four points, two of which are2-circuits, andx is not in a2-circuit.) Now assume
|F ∩G| < r(N)− 2, so|F −G| ≥ 3 and|G− F | ≥ 3. The minimality of|E(N)| forces
F ∩ G = {x}, soN = P ′

n for somen ≥ 4, with x being common to the two nonspanning
circuits. In this case, any parallel connection usingM1 with x as the basepoint has an
En-minor for somen ≥ 4.

Finally, assumex 6∈ Fh ∪ Gk. Using Proposition 2.9, it follows thatx is in all funda-
mental flats ofM∗

1 . Therefore, by the results in the last paragraph,M1 has, as a minor,
either (a) a4-point line with two2-circuits, neither of which containsx or (b) the dual
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of P ′
n for somen ≥ 4, with x in neither circuit-hyperplane. It follows that any parallel

connection usingM1 with x as the basepoint has, in the first case, aB2,2-minor and, in the
second case, aBn,2-minor withn ≥ 3. �

3.2. Connectivity. Recall thatM ∈ EL − E if and only if M is an excluded minor ofL
that is not in items (1)–(5) of Theorem 3.1.

Lemma 3.5. For M ∈ EL − E , bothM\x andM/x are connected for allx ∈ E(M).

Proof. We argue by contradiction. AssumeM/x is disconnected. By Proposition 2.27,
there are subsetsS1, S2 ⊂ E(M) with M = Px(M |S1,M |S2) whereM |S1 andM |S2 are
connected. By Lemma 3.2, sinceM |S1,M |S2 ∈ L yet M 6∈ L, we may assumex is not
terminal inM |S1; also, ifM |S1/x is disconnected, then we may assumer(S2) > 1. From
Lemma 3.4, some minor ofM is in E , contrary toM ∈ EL − E . Thus,M/x is connected.
ThatM\x is connected follows sinceM\x = (M∗/x)∗ andM∗ ∈ EL − E . �

Corollary 3.6. Matroids inEL − E have no2-circuits and no2-cocircuits.

In contrast to the proof of Lemma 3.5, the proof of the next connectivity result requires
more particular information about lattice path matroids.

Lemma 3.7. If M ∈ EL − E , thenM\x/y is connected for allx, y ∈ E(M).

Proof. AssumeM\x/y is disconnected; we will get the contradiction thatM is A3, W3,
or W3. SinceM\x is connected,M\x = Py(M |S1,M |S2) for some proper subsetsS1,
S2 of E(M) − x whereM |S1 andM |S2 are connected. Lemma 3.3 and Corollary 3.6
imply thaty is terminal inM |S1 andM |S2. Now M/y\x = (M |S1/y) ⊕ (M |S2/y) yet
M/y is connected, sox 6∈ clM (S1) ∪ clM (S2). SinceM |S1 andM |S2 are connected
and inL, and sincey is terminal in both, some spanning circuitsC1 of M |S1 andC2 of
M |S2 containy. Now |C1| ≥ 3 and |C2| ≥ 3 by Corollary 3.6. SinceC1 ∪ C2 spans
M but x 6∈ clM (C1) ∪ clM (C2), if there were an elementw in E(M) − (C1 ∪ C2 ∪ x),
then applying Corollary 2.12 toM\w with the pnc-flats clM\w(C1) and clM\w(C2), and
noting thatx in neither set, gives the contradictionM\w 6∈ L. Thus,E(M) = C1∪C2∪x,
so M is a single-element extension ofPy(M |C1,M |C2). Therefore, sinceM is simple
andx 6∈ clM (C1) ∪ clM (C2), bothC1 andC2 are flats ofM . Semimodularity applied to
C1 and clM (C2 ∪ x) givesr

(

C1 ∩ clM (C2 ∪ x)
)

≤ 2. If |C1| > 3, thenM/z, for z in
C1−clM (C2∪x), would be an extension, byx, of Py(M |C1/z,M |C2); bothC1−z andC2

would be pnc-flats ofM/z yetx 6∈ (C1 − z)∪C2, which would contradict Corollary 2.12
sinceM/z ∈ L. Thus,M\x = P ′

3. It follows that, as claimed,M is A3, W3, orW3. �

3.3. Fundamental flats. Certain properties are not hard to show from the definition of
a fundamental flat; others are not hard to show from the definition of an irreducible pnc-
flat. Thus, we gain much by proving the following counterpartof Corollary 2.11: the
fundamental flats of any matroid inEL−E are its irreducible pnc-flats. This is Lemma 3.12.
The following four lemmas, which include some of the properties of interest, enter into the
proof of Lemma 3.12.

Lemma 3.8. For a connected matroidM and connected deletionM\x, if F is a funda-
mental flat ofM\x, thenclM (F ), which isF or F ∪ x, is a fundamental flat ofM .

Proof. The spanning circuitC of M\x that shows thatF is a fundamental flat ofM\x
also shows that clM (F ) is a fundamental flat ofM . �

Lemma 3.9. Assumex is not a loop ofM . If F is a pnc-flat ofM\x, then exactly one of
F andF ∪ x is a pnc-flat ofM . The same conclusion holds ifF is a pnc-flat ofM/x.
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Proof. The first assertion is evident since clM (F ) is eitherF or F ∪ x andx is not a
loop. For the second assertion, note thatF ∪ x is a flat ofM sinceF is a flat ofM/x.
If clM (F ) = F , thenx is an isthmus ofM |F ∪ x; thus,M |F = M/x|F , so F is a
pnc-flat ofM . Assume clM (F ) = F ∪ x. Now x is not a component ofM |F ∪ x but
M |(F ∪ x)/x = M/x|F , which we assumed is connected. Thus,M |F ∪ x is connected,
soF ∪ x is a pnc-flat. �

Lemma 3.10. For M ∈ EL−E , if F is a pnc-flat ofM andy ∈ F , thenF −y is a pnc-flat
of M/y. Furthermore,F − y is reducible inM/y if and only ifF is reducible inM .

Proof. For the first part, we need to show thatM |F/y is connected. Fixx ∈ E(M) − F .
Take a path order ofM\x and the corresponding interval presentationA. By Lemma 3.7,
M\x/y is connected, so, by Corollary 2.17,y is either a terminal element or in at least
two sets inA. Thus,y is in a spanning circuit ofM |F by Corollary 2.22, soM |F/y is
connected.

For the second assertion, first assumeF is reducible inM , soF = G ∩ H for some
incomparable pnc-flatsG andH of M . As just shown,G − y andH − y are pnc-flats of
M/y, so their intersection,F − y, is reducible inM/y. Now assumeF − y is reducible
in M/y, soF − y = G ∩ H for some incomparable pnc-flatsG andH of M/y. Since
y ∈ clM (F − y), by Lemma 3.9 bothG ∪ y and H ∪ y are pnc-flats ofM , so their
intersection,F , is reducible. �

The same argument proves the next lemma.

Lemma 3.11. Fix y ∈ E(M) whereM ∈ L and bothM andM/y are connected. IfF is
a reducible pnc-flat ofM with y ∈ F , thenF − y is a reducible pnc-flat ofM/y.

Lemma 3.12. A pnc-flatF of M ∈ EL − E is fundamental if and only if it is irreducible.

Proof. AssumeF is fundamental inM . Thus,M has a spanning circuitC so thatF ∩ C
is a basis ofF . Fix y ∈ F ∩ C. By Lemma 3.10,F − y is a pnc-flat ofM/y. Now C − y
is a spanning circuit ofM/y and(C − y)∩ (F − y) is a basis ofF − y in M/y, soF − y
is a fundamental flat ofM/y. SinceM/y ∈ L, it follows thatF − y is irreducible inM/y.
Therefore, by Lemma 3.10,F is irreducible inM .

Now assumeF is irreducible inM . Fix y ∈ F . The irreducible pnc-flatF − y of M/y
is fundamental by Corollary 2.11. By Proposition 2.7, we mayassume the first element,e1,
in a given path order ofM/y is in F − y. Fix x 6∈ F . Since the pnc-flatF − y of M/y\x
containse1, it is fundamental inM/y\x by Proposition 2.10. Thus,F − y is irreducible
in M\x/y, so by Lemma 3.11, the pnc-flatF of M\x is irreducible and so fundamental.
Thus, by Lemma 3.8,F is fundamental inM . �

The next result is a corollary of Lemmas 3.10 and 3.12.

Corollary 3.13. For M ∈ EL−E , if F is a fundamental flat ofM , then, for ally ∈ F , the
setF − y is a fundamental flat ofM/y.

The following counterpart of the second assertion in Proposition 2.9 allows us to deduce
dual versions of some of the results above.

Lemma 3.14. For M ∈ EL − E , a proper nonempty subsetF of E(M) is a fundamental
flat ofM if and only ifE(M) − F is a fundamental flat ofM∗.

Proof. Let F be a fundamental flat ofM . SinceF is a pnc-flat, it is a union of circuits
of M . Thus,E(M) − F is an intersection of hyperplanes ofM∗, so it is a flat ofM∗.
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Fix y ∈ F . By Corollary 3.13,F − y is a fundamental flat ofM/y. SinceM/y ∈ L,
using Proposition 2.9,E(M) − F is a fundamental flat of(M/y)∗, that is,M∗\y. By
Lemma 3.8, clM∗

(

E(M) − F
)

, which isE(M) − F , is a fundamental flat ofM∗. The
other implication follows by duality. �

The next result follows from Proposition 2.9 and Lemmas 3.8 and 3.14.

Corollary 3.15. For M ∈ EL − E , if F is a fundamental flat ofM/x, then exactly one of
F andF ∪ x is a fundamental flat ofM .

Via Proposition 2.9 and Lemma 3.14, we get the following dualof Corollary 3.13.

Corollary 3.16. For M ∈ EL−E , if F is a fundamental flat ofM , then, for allz 6∈ F , the
setF is a fundamental flat ofM\z.

Corollaries 3.13 and 3.16 yield a near-counterpart of property (ii) of Proposition 2.10.

Lemma 3.17. For M ∈ EL−E , if F andG are incomparable fundamental flats ofM with
F ∩ G 6= ∅, then|E(M) − (F ∪ G)| ≤ 1; also, if |F ∩ G| ≥ 2, thenE(M) = F ∪ G.

Proof. The inequality holds since ify, z ∈ E(M)−(F∪G), thenM\z and its fundamental
flatsF andG would contradict property (ii) of Proposition 2.10. Similarly, property (ii)
applied toM/x, for x ∈ F ∩ G, gives the second assertion. �

The next lemma follows easily from the perspective of irreducibility.

Lemma 3.18. Let F be a fundamental flat ofM ∈ EL − E . If C is a spanning circuit of
M |F andu ∈ F − C, thenF − u is a fundamental flat ofM\u.

We now treat the main result of this subsection.

Lemma 3.19. No three fundamental flats ofM ∈ EL − E are mutually incomparable.

Proof. To the contrary, assumeF1, F2, F3 are mutually incomparable fundamental flats of
M . We will derive the contradictionM ∈ E .

If F1, F2, andF3 are mutually disjoint, we could work instead withM∗, in which, by
Lemma 3.14, the complements of these sets are (non-disjoint) fundamental flats. Thus, we
may assumeF1 ∩F2 6= ∅. By Lemma 3.17,|E(M)− (F1 ∪F2)| ≤ 1, soF3 ∩F1 6= ∅ and
F3∩F2 6= ∅. Corollary 3.16 givesF1∪F2∪F3 = E(M), for otherwise deleting an element
not inF1 ∪ F2 ∪ F3 would give a matroid inL with three incomparable fundamental flats,
which is impossible. Similarly,F1 ∩ F2 ∩ F3 = ∅ by Corollary 3.13.

Assume|F1∩F2| = 1. Lemma 3.17 gives|F1−(F2∪F3)| ≤ 1, but the connected flatF1

is not the union of the flatF1∩F3 and the singletonF1∩F2, so we get|F1−(F2∪F3)| = 1.
Similarly, |F2− (F1∪F3)| = 1. We get|F1∩F3| = |F2∩F3| = 1 from these conclusions
and the second part of Lemma 3.17, soF1, F2, andF3 are3-circuits. It follows thatM is
eitherW3 orW3, contrary toM 6∈ E .

Assume|Fi ∩ Fj | ≥ 2 whenever{i, j, k} = {1, 2, 3}, soE(M) = Fi ∪ Fj and

Fi = (Fi ∩ Fj) ∪ (Fi ∩ Fk) = E(M) − (Fj ∩ Fk).

We claim that none ofF1, F2, F3 is properly contained in a fundamental flat, so none of
them is properly contained in any pnc-flat. To see this, assume, for instance,F1 ⊆ F ′

1

whereF ′
1 is a fundamental flat. SinceF1 ∪ Fi = E(M) for i ∈ {2, 3}, any inclusion

betweenF ′
1 and eitherF2 or F3 would give the contradiction that the larger of the two

comparable sets isE(M). Thus,F ′
1, F2, F3 are mutually incomparable, so the arguments

above apply toF ′
1, F2, F3; however, this givesF ′

1 = E(M) − (F2 ∩ F3) = F1.
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We claim thatF1 is a hyperplane. To see this, fixx ∈ F2 ∩ F3. Both F2 − x and
F3 − x are fundamental flats ofM/x by Corollary 3.13. IfF1 were not a hyperplane, then
clM/x(F1) would be a pnc-flat ofM/x; furthermore, clM/x(F1) is not properly contained
in any pnc-flat ofM/x, so it would be a fundamental flat ofM/x. However,M/x ∈ L
cannot have three incomparable fundamental flats, so we may assumeF2−x ⊆ clM/x(F1).
SinceE(M) = F1 ∪ F2, we get clM (F1 ∪ x) = E(M), soF1 actually is a hyperplane of
M . By symmetry,F2 andF3 are also hyperplanes.

We claim thatF1, F2, F3 are the only pnc-flats ofM . We first consider fundamental
flats since each pnc-flat is contained in some fundamental flat. If such exists, consider a
fundamental flatF 6∈ {F1, F2, F3}. If F were incomparable to two ofF1, F2, F3, say
to F2 andF3, then applying the arguments above to the tripleF, F2, F3 would give the
contradictionF = E(M) − (F2 ∩ F3) = F1. Thus, any fundamental flat (and so any
pnc-flat) ofM other thanF1, F2, F3 is a subset of two of these, so assumeF ⊂ F1 ∩ F2.
If such exists, letF ′ 6∈ {F1, F2, F3} be a fundamental flat ofM with F ′ incomparable to
F . If F ′ 6⊆ F1 ∩ F2, thenF ∩ F ′ = ∅; if F ′ ⊂ F1 ∩ F2, then againF ∩ F ′ = ∅ sinceF
andF ′ must be fundamental flats (more easily seen here as irreducible pnc-flats) ofM |F1

yet F ∪ F ′ 6= F1. Therefore, by Corollary 2.20 applied toM |F1 and toM |F2, for anyx
in a smallest fundamental flat inF1 ∩ F2, bothM |F1\x andM |F2\x are connected; thus,
M\x would have three incomparable fundamental flats (F1 − x, F2 − x, andF3), which
is impossible sinceM\x ∈ L. Thus,F1, F2, F3 are the only fundamental flats ofM . To
see that they are the only pnc-flats ofM , note that if, say,F1 ∩ F2 were connected, then a
similar application of Corollary 2.20 shows that for anyx ∈ F1 ∩ F2, bothM |F1\x and
M |F2\x would be connected, leading to the same contradiction.

Thus,M |F1, M |F2, andM |F3 are uniform matroids. Note that at least two ofF1, F2,
F3 are circuits; indeed, if, say,F1 andF2 were not circuits, then, for anyx ∈ F1 ∩ F2,
the setsF1 − x, F2 − x, andF3 would be fundamental flats ofM\x, which is impossible.
It follows thatM = Cn+k,k wheren andk are, respectively, the largest and smallest of
|F1 ∩ F2|, |F1 ∩ F3|, |F2 ∩ F3|, contrary toM 6∈ E . �

3.4. The last step.

Lemma 3.20. All excluded minors ofL are inE .

Proof. Assume, to the contrary,M ∈ EL − E . We will derive the contradictionM ∈ L by
showing thatM satisfies properties (i)–(iv) in Proposition 2.10.

Not all fundamental flats ofM are comparable, for otherwiseM would have no other
pnc-flats and Proposition 2.23 would give the contradictionM ∈ C. Fix a fundamental flat
F of M . By Lemma 3.19, the fundamental flats ofM that are incomparable toF form a
chain, sayG1 ⊂ G2 ⊂ · · · ⊂ Gk. ConsideringM/y with y ∈ F shows that the fundamen-
tal flats that containF form a chain; consideringM\x with x 6∈ F shows that those that
are contained inF form a chain; together, these give the chain of fundamental flats that are
comparable toF , sayF1 ⊂ F2 ⊂ · · · ⊂ Fh. Thus, property (i) of Proposition 2.10 holds.
Note that noFi is comparable to anyGj , for otherwise the same argument starting with
Fi would have the incomparable fundamental flatsF andGj in the chain of those that are
comparable toFi.

To prove property (ii), by Lemma 3.17 it suffices to show that havingFi ∩ Gj = {x}
and E(M) − (Fi ∪ Gj) = {y} yields a contradiction. SinceFi − x is connected in
M/x, by Corollary 2.17 and Proposition 2.19 some spanning circuit C of Fi containsx.
If u ∈ Fi − C, then, using Lemma 3.18,M\u with the fundamental flatsFi − u andGj

would contradict property (ii). It follows thatFi, and likewiseGj , is a circuit. We claim
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that both are also hyperplanes. IfFi were not a hyperplane, then clM (Fi ∪ y) 6= E(M), so
there would be az ∈ Gj − clM (Fi ∪ y). Thus,y 6∈ clM (Fi ∪ z). Thus, inM/z, the pnc-
flatsGj − z and clM/z(Fi) would be incomparable and not disjoint, yet their union would
contain all elements excepty, contrary to Corollary 2.12. Since no pnc-flat is comparable
to eitherFi or Gj (they are circuit-hyperplanes) and since no three fundamental flats are
incomparable, there are no other fundamental flats and so no other pnc-flats. Thus,y is in
no pnc-flat andM\y = P ′

n, which gives the contradictionM = An, so property (ii) holds.
To prove properties (iii) and (iv), first note that since the fundamental flats ofM form

two chains, the other (i.e., reducible) pnc-flats are among the nonempty setsFi ∩Gj . First
assumeFi ∩ Gj is a pnc-flat ofM . Fix x ∈ Fi ∩ Gj . Now (Fi ∩ Gj) − x is a pnc-flat of
M/x; also,Fi − x andGj − x are fundamental flats inM/x. SinceM/x ∈ L, we have
η(M/x) < ηM/x(Fi − x) + ηM/x(Gj − x), which givesη(M) < ηM (Fi) + ηM (Gj).
Property (iv) forFi andGj in M follows from this property forFi−x andGj −x in M/x.

Now assumeFi ∩ Gj 6= ∅ andη(M) < η(Fi) + η(Gj). SinceFi ∪ Gj = E(M),
this inequality can be recast as|Fi ∪ Gj | − r(Fi ∪ Gj) < |Fi| − r(Fi) + |Gj | − r(Gj).
SinceFi ∩ Gj 6= ∅, semimodularity givesr(Fi) + r(Gj) − r(Fi ∪ Gj) ≥ 1. The last two
inequalities give|Fi∩Gj | ≥ 2. Fix x ∈ Fi∩Gj . NowFi−x andGj −x are incomparable
fundamental flats ofM/x that are not disjoint; also, the assumed inequality about nullity
givesη(M/x) < ηM/x(Fi − x) + ηM/x(Gj − x). Therefore(Fi − x) ∩ (Gj − x) is a
pnc-flat ofM/x, so eitherFi ∩Gj or (Fi ∩Gj)−x is a pnc-flat ofM . If Fi ∩Gj were not
a pnc-flat ofM , then the same argument using somey ∈ (Fi ∩ Gj) − x would give both
(Fi ∩ Gj) − x and(Fi ∩ Gj) − y being pnc-flats ofM , which is impossible since bothx
andy would need to be isthmuses ofM |Fi ∩ Gj for both sets to be flats. Thus,Fi ∩ Gj

is a pnc-flat ofM . The rank assertion follows as above. This completes the proof thatM
satisfies the properties in Proposition 2.10 and so, contrary to the assumption,M ∈ L. �
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