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ABSTRACT. We show that the projective geometryPG(r − 1, q) for r > 3 is the only rank-r (combinatorial)
geometry with(qr

− 1)/(q − 1) points in which all lines have at leastq + 1 points. Forr = 3, these numerical
invariants do not distinguish between projective planes ofthe same order, but they do distinguish projective planes
from other rank-3 geometries. We give similar characterizations of affine geometries. In the core of the paper, we
investigate the extent to which partition lattices and, moregenerally, Dowling lattices are characterized by similar
information about their flats of small rank. We apply our results to characterizations of affine geometries, partition
lattices, and Dowling lattices by Tutte polynomials, and to matroid reconstruction. In particular, we show that any
matroid with the same Tutte polynomial as a Dowling lattice is a Dowling lattice.

1. INTRODUCTION

There are several results that use basic counting information to characterize classes of simple matroids (com-
binatorial geometries; henceforth shortened to geometries). One result of this type is the following theorem of
Greene [9], which extends earlier work of Basterfield and Kelly.

Proposition 1.1. Every geometry has at least as many copoints as points; equality holds if and only if the
geometry is modular.

Since projective geometries are the only connected modulargeometries of rank three or more, it follows that
any geometry of rank three or more with as many points as copoints and with no 2-point lines is a projective
geometry. If there are(qr−1)/(q−1) points (and copoints) and the rankr exceeds three, we can conclude that
q is a prime power and the geometry is the unique rank-r projective geometry of orderq, namelyPG(r−1, q),
the geometry constructed from the field of orderq.

We derive several results of this type. In Section 2 we show that any rank-r geometry with(qr − 1)/(q− 1)
points in which all lines have at leastq + 1 points is a projective geometry of orderq. Since there can be many
projective planes of a given order, this counting information distinguishes projective planes from other rank-3
geometries, but it does not generally characterize a given projective plane. Related results for affine geometries
are also treated.

Dowling lattices have many properties similar to those of projective geometries, so it is natural to look for
analogous results about Dowling lattices. We treat these inSection 3, which is the core of the paper.

In the last two sections, we apply our results to characterizations of affine geometries and Dowling lattices
by Tutte polynomials, and to matroid reconstruction. Apartfrom relatively simple examples like projective
geometries and uniform matroids, few classes of matroids are known to be characterized by their Tutte poly-
nomials. We show that any matroid with the same Tutte polynomial as a Dowling lattice is a Dowling lattice.

We assume the reader is familiar with basic matroid theory. Our notation and terminology follow [13] with
the following common additions. Thecolinesof a rank-r matroidM are the flats of rankr−2, and thecopoints
(hyperplanes) are the flats of rankr − 1. As is justified by well-known cryptomorphisms, we use the notions
of geometry and geometric lattice interchangeably.

2. CHARACTERIZATIONS OFAFFINE AND PROJECTIVEGEOMETRIES

In this section we give several characterizations of projective and affine geometries by numerical invariants.
We use the following result from [11].
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Proposition 2.1. Rank-r geometries having no(q +2)-point line minors have at most(qr − 1)/(q− 1) points.
This upper bound is attained only by projective geometries of order q.

Theorem 2.2. LetM be a rank-r geometry onS with |S| = (qr − 1)/(q − 1) in which all lines have at least
q + 1 points. ThenM is a projective geometry of orderq.

Proof. By Proposition 2.1, we need only show thatM has no(q+2)-point line minors. Therefore by the Scum
Theorem of Higgs (see [13]), it suffices to show that there areq + 1 copoints over each coline. To show this,
we first prove that each rank-i flat has exactly(qi − 1)/(q − 1) points. To see this, letF andF ′ be flats with
F = F ′ ∨ x for a pointx ∈ F − F ′. Counting the points on lines throughx, each of which has at leastq
points besidesx, shows that there are at least1 + q|F ′| points inF . It follows that each rank-i flat has at least
(qi − 1)/(q − 1) points. Similarly, if any rank-i flat F had more points, induction on a saturated chain fromF
to S would force more than(qr − 1)/(q − 1) points inS, contrary to the hypothesis. Thus each rank-i flat has
precisely(qi − 1)/(q − 1) points. Thus there are

qr − 1

q − 1
−

qr−2 − 1

q − 1
=

qr − qr−2

q − 1

points outside each coline, and each copoint over the colinecontains

qr−1 − 1

q − 1
−

qr−2 − 1

q − 1
=

qr−1 − qr−2

q − 1

of these points. Thus there are(qr − qr−2)/(qr−1 − qr−2), or q +1, copoints over each coline, as needed.�

We next present several characterizations of affine geometries. These are based on the following result
from [3].

Proposition 2.3. Rank-r geometries having no(q + 2)-point line minors and no(q + 1)-point lines have at
mostqr−1 points. This upper bound is attained only by affine geometries of orderq.

Theorem 2.4. AssumeM is a rank-r geometry withqr−1 points in which lines haveq points and planes have
at leastq2 points. ThenM is an affine geometry of orderq.

Theorem 2.4, which plays a key role in Section 4, is the casej = 2 of the following theorem.

Theorem 2.5. Let j be an integer with2 ≤ j ≤ r − 2. AssumeM is a rank-r geometry withqr−1 points
in which lines have at mostq points, rank-(j − 1) flats haveqj−2 points, rank-j flats haveqj−1 points, and
rank-(j + 1) flats have at leastqj points. ThenM is an affine geometry of orderq.

Proof. As above, we need only show that there areq + 1 copoints over each coline. This follows by the same
type of counting as at the end of the proof of Theorem 2.2 once we establish that for eachi ≥ j, each rank-i
flat has exactlyqi−1 points. To see that fori ≥ j each rank-i flat has at leastqi−1 points, induct oni. Assume
F ′ is a rank-i flat with at leastqi−1 points and thatF is a rank-(i + 1) flat with F = F ′ ∨ x for a point
x ∈ F − F ′. Fix a rank-(j − 1) flat Y in F ′. Since|Y | = qj−2 and all rank-j flats haveqj−1 points,Y is in at
least(qi−1 − qj−2)/(qj−1 − qj−2) rank-j flats inF ′. The pointx from F − F ′ together with any rank-j flat
in F ′ containingY determines a rank-(j + 1) flat in F . Only points in the rank-j flat Y ∨ x are in more than
one such rank-(j + 1) flat and each such rank-(j + 1) flat has at leastqj − qj−1 points inF − (Y ∨ x). Thus
F has at least

qj−1 +
qi−1 − qj−2

qj−1 − qj−2
(qj − qj−1) = qi

points. As in the last proof, equality follows sinceM hasqr−1 points. �

We turn to another result of this type. The proof is valid onlyfor q greater than2, although it seems likely
that the statement is correct also forq = 2.
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Theorem 2.6. Assumeq exceeds2 andM is a rank-r geometry withqr−1 points in which lines haveq points
and copoints haveqr−2 points. ThenM is an affine geometry of orderq.

Proof. Again we need only show that there are at mostq + 1 copoints over each coline. Assume a colineC is
covered byq + 2 or more copoints. Since there are(qr−1 − |C|)/(qr−2 − |C|) copoints overC, we get

|C| ≥ 2qr−2/(q + 1).

Selecting a pointx 6∈ C in a hyperplaneH overC and counting the points on lines throughx and, in turn, the
2qr−2/(q + 1) or more points ofC shows that there are at least1 + (q − 1)2qr−2/(q + 1) points inH. Since
this exceedsqr−2, this contradiction shows that no coline is covered byq +2 or more copoints, as needed.�

3. A CHARACTERIZATION OF DOWLING LATTICES

In this section we derive a result for Dowling lattices akin to Theorems 2.2 and 2.4. Because Dowling
lattices lack analogs of Propositions 2.1 and 2.3, and the number of points in a flat is not constant for each
rank, the argument is more involved than those in Section 2. We start by recalling Dowling lattices, which we
present via line-closure. For a complete treatment from a different perspective, see Dowling [8].

Let M be a geometry onS. A subsetT of S is line-closedif for every two pointsx, y ∈ T , the linex ∨ y
is contained inT . A geometryM is line-closedif the flats ofM are precisely the line-closed sets. Dowling
lattices are supersolvable [8], and supersolvable geometries are line-closed [10]. Thus Dowling lattices can be
defined by specifying their points and lines.

Let G be a finite group, written with multiplicative notation. Therank-r Dowling lattice overG, denoted
Qr(G), has the following points and lines. There are two kinds of points: joints p1, p2, . . . , pr, which form
a basis forQr(G); and internal pointsgij for everyg ∈ G and every pair of indices with1 ≤ i < j ≤ r.
HenceQr(G) hasr +

(

r
2

)

|G| points. There are two types of nontrivial lines (i.e., lineswith at least three
points): coordinate linespi ∨ pj = {pi, pj} ∪ {gij |g ∈ G}; andtransversal lines{gij , hjk, (gh)ik} for each
pair g, h ∈ G and triple of indices with1 ≤ i < j < k ≤ r. Thus the transversal lines are contained in the
coordinate planespi ∨ pj ∨ pk, and they encode the group operation. Fori > j we setgij = (g−1)ji, where
g−1 is the inverse ofg in the groupG. With this convention we can drop the restrictioni < j < k in the
definition of transversal lines.

Dowling lattices can be defined for infinite groups in the samemanner; however, our results concern only
the finite case. Forr = 3, G need only be a quasigroup for line-closure to give rise to a geometry on the points
of Q3(G). If G is the trivial (one-element) group, thenQr(G) is isomorphic to the rank-r partition lattice
Πr+1. Thus Dowling lattices generalize partition lattices.

We use the following characterization of Dowling lattices from [2]. In [1] it is observed that whenr = 3,
the axioms below characterize Dowling lattices based on quasigroups.

Proposition 3.1. A geometryM of rankr ≥ 4 is a Dowling lattice if and only ifM has pointsp1, p2, . . . , pr

satisfying these axioms.

(D1) Each point ofM lies on a coordinate linepi ∨ pj .
(D2) No coordinate linepi ∨ pj is trivial.
(D3) For pointsx ∈ (pi ∨ pj) − {pi, pj} andy ∈ (pi ∨ pk) − {pi, pk}, the linex ∨ y is nontrivial.

Note that (D1) and the rank imply thatp1, p2, . . . , pr form a basis ofM . In the case of a nontrivial group
G, the basisp1, p2, . . . , pr of Qr(G) satisfying (D1)–(D3) is unique. SinceΠr+1 hasr + 1 such bases, special
consideration is needed forΠr+1; we treat this case first.

It is immediate that the counting conditions (1) to (4) in thenext theorem hold inΠr+1. We show that these
statistics about flats of the first four ranks characterizeΠr+1.

Theorem 3.2. Assume that a rank-r geometryM has

(1)
(

r+1
2

)

points,
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(2)
(

r+1
3

)

lines with three points,
(3) no 5-point planes,

(

r+1
4

)

planes with six points, no planes with more than six points, and
(4) no rank-4 flats with more than ten points.

ThenM ∼= Πr+1.

Proof. We first prove thatM has several properties that hold forΠr+1, namely:

(a) the number of 3-point lines through each pointx is exactlyr − 1;
(b) the number of 6-point planes through each pointx is exactly

(

r−1
2

)

; and
(c) all 6-point planes are isomorphic toΠ4.

Let ℓ1, ℓ2, . . . , ℓt be the 3-point lines throughx. By (3), no three of these lines are coplanar. Therefore the
3-point lines throughx determine

(

t
2

)

planesℓi ∨ ℓj throughx, each having at least five points. Hence by (3)
these are 6-point planes. Letxij = xji be the unique point ofℓi ∨ ℓj on neitherℓi nor ℓj .

We claim that there are
(

t
2

)

distinct pointsxij . Note thatxij 6= xik sinceℓi ∨ ℓj andℓi ∨ ℓk meet in the line
ℓi. To see thatxij 6= xhk when|{i, j, h, k}| = 4, note that ifxij = xhk, then the planesℓi ∨ ℓj andℓh ∨ ℓk

intersect in the linex∨ xij . Thereforeℓi ∨ ℓj ∨ ℓh ∨ ℓk has rank 4. Howeverℓi ∨ ℓj ∨ ℓh ∨ ℓk contains at least
twelve points, namely the nine points fromℓi, ℓj , ℓh, ℓk together withxij , xih andxik. This contradiction of
(4) establishes the claim.

The linesℓ1, ℓ2, . . . , ℓt throughx and the pointsxij account for2t + 1 +
(

t
2

)

points ofM . Therefore
2t + 1 +

(

t
2

)

≤
(

r+1
2

)

, sot ≤ r − 1. However, by (1) and (2), the average number of 3-point linesthrough a
point is3

(

r+1
3

)

/
(

r+1
2

)

= r − 1. Hence the number of 3-point lines through each point ofM is exactlyr − 1,
establishing (a).

To prove (b), note that while each pointx lies in at least
(

r−1
2

)

planes having six points (the planesℓi ∨ ℓj

discussed above), the average number of 6-point planes through a given point is also6
(

r+1
4

)

/
(

r+1
2

)

=
(

r−1
2

)

.
We have established that there are

(

r+1
2

)(

r−1
2

)

pairs of 3-point lines intersecting in a point, and each such
pair is in exactly one 6-point plane. Since a point in a 6-point plane can be on at most two 3-point lines in
that plane, the number of pairs of 3-point lines intersecting in a point is at most

(

r+1
4

)

6, which is
(

r+1
2

)(

r−1
2

)

.
Therefore each point in each 6-point plane is on two 3-point lines in that plane. From this, (c) follows.

We now select a basis forM satisfying axioms (D1)–(D3) of Proposition 3.1. Letx be any point ofM , let
ℓ1, ℓ2, . . . , ℓr−1 be the 3-point lines throughx, let ℓi = {x, xi, x

′
i}, and letxij be the unique point inℓi ∨ ℓj on

neitherℓi norℓj . Define an equivalence relation∼ on{x1, x
′
1, x2, x

′
2, . . . , xr−1, x

′
r−1} by: z1 ∼ z2 if and only

if eitherz1 = z2 or z1 ∨ z2 is a 3-point line not among the linesℓ1, ℓ2, . . . , ℓr−1. To prove transitivity, assume,
without loss of generality, thatxi ∼ xj andxj ∼ xk with xi, xj , xk distinct. The planexi ∨ xj ∨ xk meets
the planeℓi ∨ ℓj in the 3-point linexi ∨ xj and meets the planeℓj ∨ ℓk in the 3-point linexj ∨ xk. Therefore
xi ∨ xj ∨ xk is a 6-point plane. Since (4) implies

ℓi ∨ ℓj ∨ ℓk = (ℓi ∨ ℓj) ∪ (ℓi ∨ ℓk) ∪ (ℓj ∨ ℓk),

we havexik ∈ xi ∨ xj ∨ xk. Thereforexik is on the linexi ∨ xk = (xi ∨ xj ∨ xk)∧ (ℓi ∨ ℓk). Thusxi ∼ xk.
By (c) for eachi andj, xi (and similarlyx′

i) is on a 3-point line with exactly one ofxj andx′
j . There-

fore there are exactly two equivalence classes and each lineℓi contains one member of each class. Let
p1, p2, . . . , pr−1 be one equivalence class and letpr = x.

To see thatp1, p2, . . . , pr satisfy axioms (D1)–(D3) of Proposition 3.1, note first thatby construction, each
pi ∨ pj is a 3-point line so (D2) holds. Axiom (D1) holds since the union of the linespi ∨ pj contains
(

r
2

)

+ r =
(

r+1
2

)

points. Finally, (D3) holds since eachpi ∨ pj ∨ pk is isomorphic toΠ4, and the linespi ∨ pj ,
pi ∨ pk, andpj ∨ pk are three of the four 3-point lines inΠ4. HenceM is the rank-r Dowling latticeQr(G)
with |G| = 1, soM ∼= Πr+1. �

To treat the corresponding result for Dowling lattices overnontrivial groups, we need the following result [8,
Theorem 2].
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Proposition 3.3. For each flatF in the Dowling latticeQr(G), there are integerss andk with 0 ≤ s ≤ r and
k ≥ 0, and integersn1, n2, . . . , nk with ni ≥ 2 such thatF ∼= Qs(G) ⊕ Πn1

⊕ Πn2
⊕ · · · ⊕ Πnk

.

This proposition and the following remarks underlie the counting that is needed for the proof of our charac-
terization of Dowling lattices (Theorem 3.4). Assume|G| > 1. In Qr(G), flatsF with

F ∼= Qs(G) ⊕ Πn1
⊕ Πn2

⊕ · · · ⊕ Πnk

have

|F | = s +

(

s

2

)

|G| +
k

∑

i=1

(

ni

2

)

points and rank

r(F ) = s +
k

∑

i=1

(ni − 1).

For s ≥ 2, such flats are formed in the following way. Letp1, p2, . . . , pr be the joints ofQr(G) and
let {t1, t2, . . . , ts}, {i1, i2, . . . , in1

}, . . . , {j1, j2, . . . , jnk
} be pairwise disjoint subsets of{1, 2, . . . , r} with

{t1, t2, . . . , ts} serving as a “distinguished” subset. For the distinguishedsubset, we form the flat

pt1 ∨ pt2 ∨ · · · ∨ pts
,

which is isomorphic toQs(G). For the subset{i1, i2, . . . , in1
}, choose one internal pointxh on each coordinate

line pi1 ∨ pih
for 2 ≤ h ≤ n1. The flatx2 ∨ x3 ∨ · · · ∨ xn1

is isomorphic to the partition latticeΠn1
. (The

pointsx2, x3, . . . , xn1
serve as a basis forΠn1

satisfying axioms (D1)–(D3) of Proposition 3.1.) Doing the
same for the remaining subsets and considering the flatF spanned by all these points, we get

F ∼= Qs(G) ⊕ Πn1
⊕ Πn2

⊕ · · · ⊕ Πnk
.

For every ranki with 2 ≤ i ≤ r − 1, there are at least two distinct cardinalities of flats of rank i in Qr(G);
in particular, bothQi(G) andQi−1(G) ⊕ Π2 are among the isomorphism types for rank-i flats. For several
ranksi, we will be concerned with the flats of ranki of the largest cardinality and those of the second largest
cardinality. Those with the largest cardinality will be called maximal rank-i flats, while those of the second
largest cardinality will be calledsubmaximal rank-i flats. We will also use this terminology in the proof of
Theorem 3.4 for those ranks about which we make assumptions on the cardinalities of flats. To motivate
Theorem 3.4 and the counting used in the proof, we identify the maximal and submaximal flats inQr(G)
for the first several ranks. Since we have already dealt with|G| = 1 in Theorem 3.2, henceforth we assume
|G| ≥ 2.

Lines inQr(G) are of three types:Q2(G), Π2⊕Π2, andΠ3. These have|G|+2, 2, and 3 points respectively.
The maximal lines (the(|G| + 2)-point lines) are the

(

r
2

)

coordinate linespi ∨ pj . The submaximal lines (the
3-point lines) are the transversal lines. Since each transversal line lies in a coordinate planepi ∨ pj ∨ pk and
there are|G|2 transversal lines in each such plane, the number of submaximal lines inQr(G) is

(

r
3

)

|G|2.
There are four types of planes with four or more points:Q3(G), Q2(G) ⊕ Π2, Π3 ⊕ Π2, andΠ4, having

3|G| + 3, |G| + 3, 4, and 6 points respectively. Thus, the maximal planes are those isomorphic toQ3(G).
Which planes are submaximal depends on|G|, but only maximal planes have2|G| + 3 or more points.

In rank 4, candidates for the maximal and submaximal flats areisomorphic to one ofQ4(G), Q3(G) ⊕ Π2,
and Π5, which have6|G| + 4, 3|G| + 4, and 10 points respectively. Thus, the maximal rank-4 flats are
isomorphic toQ4(G). The submaximal flats are isomorphic toQ3(G) ⊕ Π2, unless|G| = 2 in which case the
flats isomorphic toΠ5 are also submaximal.

For ranki ≥ 5, the maximal flats are those isomorphic toQi(G) (with
(

i
2

)

|G|+ i points), and the submaxi-
mal flats are those isomorphic toQi−1(G) ⊕ Π2 (with

(

i−1
2

)

|G| + i points).
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For our work in Section 4 it is important to note that the cardinality of submaximal flats of ranki exceeds
that of maximal flats of ranki−1. This holds since the maximal flats of ranki−1 are isomorphic toQi−1(G),
and the flats isomorphic toQi−1(G) ⊕ Π2 have ranki but are not maximal.

The next theorem characterizes Dowling lattices using the cardinalities of the maximal rank-i flats fori ≤ 6
and the cardinalities of the submaximal rank-i flats for i = 2 and 5. Since these statistics are shared by all
Dowling lattices of a given rank based on groups of the same order, they do not determine a Dowling lattice
uniquely unless the order of the group is prime. However, no geometries other than Dowling lattices can share
these statistics about flats.

Theorem 3.4. AssumeM is a rank-r geometry andg > 1 is an integer such that:

(1) M has
(

r
2

)

g + r points,
(2) M has

(

r
2

)

lines withg + 2 points,
(

r
3

)

g2 lines with three points, and no other nontrivial lines,
(3) M has

(

r
3

)

planes with3g + 3 points, and no other planes with2g + 3 or more points,
(4) M has

(

r
4

)

rank-4 flats with6g + 4 points, and no larger rank-4 flats,
(5) M has

(

r
5

)

rank-5 flats with10g + 5 points,
(

r
4

)(

r−4
2

)

g rank-5 flats with6g + 5 points, and no other
rank-5 flats with more than6g + 4 points,

(6) the rank-6 flats (if any) with most points have15g + 6 points, and no other rank-6 flats have14g + 6
or more points, and

(7) all rank-7 flats (if any) have fewer than22g + 8 points.

ThenM is the Dowling latticeQr(G) for some group (or quasigroup, ifr = 3) G of orderg.

Proof. If r = 3, there are three maximal lines. Since there are3g + 3 points, it follows that each pair of
maximal lines intersects in a point, and there are exactly three such points of intersection, sayp1, p2, p3. Using
the basisp1, p2, p3 and the assumption that there areg2 submaximal lines, it is easy to check that axioms
(D1)–(D3) in Proposition 3.1 hold.

We treat ranks four and higher through a series of deductionsabout the structure of maximal flats, especially
those of ranks four and five.

Deduction 3.5. Three maximal planes in a rank-4 flatF cannot intersect in a line.

Proof. If three maximal planes inF intersect in a line containingm points, then together these planes contain
m + 3(3g + 3 − m) points. Thus we have9g + 9 − 2m ≤ |F | ≤ 6g + 4. However, sincem ≤ g + 2, this is
impossible. �

Deduction 3.6. No point of a maximal rank-4 flatF can be in more than three maximal planes ofF .

Proof. Consider a pointx in three maximal planesP1, P2, P3 of F . Letℓij = Pi∩Pj and letmij = |ℓij−{x}|.
Thusmij ≤ g + 1. Note thatP1 ∪ P2 ∪ P3 is the disjoint union of{x}, the three setsℓij − {x}, and the three
setsPi − (ℓij ∪ ℓik). Thus|P1 ∪ P2 ∪ P3| is

1 + m12 + m13 + m23 + (3g + 2 − m12 − m13) + (3g + 2 − m12 − m23) + (3g + 2 − m13 − m23),

or 9g + 7 − m12 − m13 − m23. Since|F | = 6g + 4 andmij ≤ g + 1, we getmij = g + 1, and so
P1 ∪ P2 ∪ P3 = F . ThusP1, P2, P3 each contain two maximal lines throughx and preciselyg points not on
these lines, andx is on precisely three maximal lines inF . Thereforex cannot be in a fourth maximal plane in
F . �

Deduction 3.7. Each maximal rank-4 flat contains at most four maximal planes.

Proof. Assume the maximal rank-4 flatF containsi ≥ 4 maximal planes. Consider the setP of pairs(x, P )
whereP is a maximal plane inF andx ∈ P . Since there arei maximal planes,|P| = i(3g + 3). Each point is
in at most three maximal planes by 3.6. If each point were in atmost two maximal planes, then|P| ≤ 2(6g+4),
or i(3g + 3) ≤ 2(6g + 4), which is impossible. Thus some point is in three maximal planes.
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Let x be such a point. By the proof of 3.6,x is on three maximal lines,ℓ1, ℓ2, ℓ3 in F , and the three maximal
planes containingx areℓ1∨ℓ2, ℓ1∨ℓ3, ℓ2∨ℓ3. LetP be a fourth maximal plane inF . By 3.5,P intersects each
of the linesℓ1, ℓ2, ℓ3 in at most one point. Since there are3g points ofF not on these lines and|P | = 3g + 3,
it follows thatP intersects each of these lines in a single point and consistsof these three points of intersection
and the3g points ofF not on these lines. Sinceg ≥ 2, the3g points ofP not onℓ1, ℓ2, ℓ3 are not collinear and
hence spanP . Thus there is only one maximal plane not containingx. �

We can say more about maximal rank-4 flats containing four maximal planes.

Deduction 3.8. LetF be a maximal rank-4 flat containing four maximal planesP1, P2, P3, andP4. Then each
of the four intersectionsPi ∩Pj ∩Pk is a single point,ph, where{i, j, k, h} = {1, 2, 3, 4}. The maximal lines
of F are the six linesPi ∩ Pj = pk ∨ ph. The planePi is pj ∨ pk ∨ ph. Each point ofF is on a maximal
line. Furthermore, each 3-point line ofF is in some planePi, and no 3-point line contains any of the points
p1, p2, p3, p4. ThereforeF contains at most4g2 submaximal lines.

Proof. From the work above, only the claims in the second to last sentence require proof. All points not on
maximal lines withpi are inPi; thus any 3-point line withpi would lie in Pi, contrary toF having rank 4.
Since the three points on a submaximal line must be on distinct linespi ∨ pj , it follows that two of the points
are onpi ∨ pj andpi ∨ pk respectively for somei, j, andk. Thus two of the three points are inPh, so the line
is in Ph. (The same argument also shows that maximal lines lie in maximal planes, and hence there are indeed
only six maximal lines.) �

If r is 4, by (2) there are precisely4g2 submaximal lines. From 3.8 and Proposition 3.1, it follows thatM
is a Dowling lattice. Thus we turn to ranks 5 and greater.

It should cause no confusion to refer to the pointsp1, p2, p3, p4 in 3.8 asjoints. We shall adopt the same
terminology for the analogous distinguished points in higher-rank flats as the need arises.

Deduction 3.9. Each rank-5 flat contains at most five maximal rank-4 flats.

Proof. Let F be a rank-5 flat and letT1, T2, . . . , Tt be the maximal rank-4 flats inF . Since

|Ti ∪ Tj | = |Ti| + |Tj | − |Ti ∩ Tj | = 2(6g + 4) − |Ti ∩ Tj | ≤ |F | ≤ 10g + 5,

we get|Ti ∩ Tj | ≥ 2g + 3. We conclude thatTi ∩ Tj is a maximal plane. By similar counting, we get that the
maximal planesT1 ∩ T2, T1 ∩ T3, . . . , T1 ∩ Tt in the rank-4 flatT1 are distinct. Thust ≤ 5 by 3.7. �

Deduction 3.10. Let F be a maximal flat of rank 5 containing five maximal rank-4 flats.Then there are five
pointsp1, p2, p3, p4, p5 such that the ten linespi∨pj are precisely the maximal lines ofF and these lines contain
all points ofF . The five maximal rank-4 flats are the flatspi ∨ pj ∨ pk ∨ ph for {i, j, k, h} ⊂ {1, 2, 3, 4, 5}. All
submaximal lines inF lie in planes of the formpi ∨ pj ∨ pk; hence there are at most10g2 submaximal lines in
F .

Proof. Let T1, T2, T3, T4, T5 be the maximal rank-4 flats inF . EachTi contains four maximal planes, namely,
the intersections ofTi with the other four maximal rank-4 flats. Thus 3.8 applies to eachTi. Let p2, p3, p4, p5

be the joints ofT1 and we may assume thatT1 ∩ T2 is the maximal planep3 ∨ p4 ∨ p5. Thus there is a pointp1

in T2 such thatp1, p3, p4, p5 are the joints ofT2. By consideringT3, we deduce thatp1 ∨ p2 is also a maximal
line. Counting shows that the union of the linespi∨pj is F . Since each point ofF is on one of the linespi∨pj

and two points suffice to span a line, it follows that all lineslie in maximal rank-4 flats. Thus our assertions
about submaximal lines, as well as that the linespi ∨ pj are the only maximal lines, follow from 3.8. �

If r is 5, by (2) there are precisely10g2 submaximal lines, so by 3.10 and Proposition 3.1,M is a Dowling
lattice. We now treat all higher ranks.

Deduction 3.11. Each maximal rank-4 flat is in exactlyr − 4 maximal rank-5 flats.
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Proof. We first show that each maximal rank-4 flat is in at mostr−4 maximal rank-5 flats. LetF1, F2, . . . , Ft

be the maximal rank-5 flats containing the maximal rank-4 flatF . SinceFi andFj coverFi ∩ Fj = F , the
flat Fij = Fi ∨ Fj has rank 6. The setFi ∪ Fj contains6g + 4 + 2(4g + 1) = 14g + 6 points. It follows
that eachFij is a maximal flat and there are preciselyg points inLij = Fij − (Fi ∪ Fj). The setsLij are
pairwise disjoint. To see this, first note that sinceFij andFik are rank-6 flats meeting in the rank-5 flatFi, it
follows thatLij ∩ Lik = ∅. Next, if x ∈ Lij ∩ Lhk, where|{i, j, h, k}| = 4, then the rank-6 flatsFij and
Fhk cover their intersectionF ∨ x, and soFij ∨ Fhk has rank 7. However the setFi ∪ Fj ∪ Fh ∪ Fk contains
(6g + 4) + 4(4g + 1) = 22g + 8 points, which by (7) is contrary toFij ∨ Fhk having rank 7. Hence the
setsLij are pairwise disjoint. Thus the union ofF with the flatsF1, F2, . . . , Ft and the

(

t
2

)

setsLij contains
6g +4+ t(4g +1)+

(

t
2

)

g points. Since this is at most
(

r
2

)

g + r, the number of points inM , we havet ≤ r−4.
To prove equality, let the maximal rank-4 flats beS1, S2, . . . , S(r

4)
, and letSi be contained inmi maximal

rank-5 flats. We just showed thatmi ≤ r − 4 and we are claiming equality holds. By (5), any non-maximal
rank-5 flat containingSi and a pointx 6∈ Si is a submaximal rank-5 flat, namelySi ∪ {x}. ThusSi is in
((

r
2

)

g + r
)

− (6g +4)−mi(4g +1) submaximal rank-5 flats. There are
(

r
4

)(

r−4
2

)

g submaximal rank-5 flats by
(5). Note that each submaximal rank-5 flatF contains at most one maximal rank-4 flatF ′ since the singleton
F − F ′ is an isthmus inM |F , and by the cardinalities of planes, the maximal rank-4 flatF ′ can contain no
isthmuses ofM |F ′. Thus there are at most

(

r
4

)(

r−4
2

)

g maximal rank-4 flats contained in submaximal rank-5
flats. Therefore

(r

4)
∑

i=1

(

(

r

2

)

g + r − (6g + 4) − mi(4g + 1)
)

≤

(

r

4

)(

r − 4

2

)

g.

Combining this withmi ≤ r − 4, we get
(

r

4

)

(

(

r

2

)

g + r − (6g + 4) − (r − 4)(4g + 1)
)

≤

(

r

4

)(

r − 4

2

)

g.

However since equality holds here, we getmi = r − 4, as claimed. �

Since each maximal rank-5 flat contains at most five maximal rank-4 flats, there are at most5
(

r
5

)

pairs of
incident maximal rank-4 and maximal rank-5 flats. We have just shown that the number of such pairs is exactly
(

r
4

)

(r − 4). The equality of these expressions gives the next claim.

Deduction 3.12. Each maximal rank-5 flat contains precisely five maximal rank-4 flats.

Thus 3.10 applies to all maximal rank-5 flats. With this we cannow prove thatM is a Dowling lattice.
Let F be a maximal rank-4 flat and letF5, F6, . . . , Fr be ther − 4 maximal rank-5 flats containingF . Let
p1, p2, p3, p4 be the joints ofF . By 3.10 for eachi with 5 ≤ i ≤ r, there is a pointpi such thatp1, p2, p3, p4, pi

are the joints ofFi. By considering the rank-5 flatp1∨p2∨p3∨pi∨pj where5 ≤ i < j ≤ r, which is maximal
since it has at least9g + 5 points, we deduce thatpi ∨ pj is a maximal line. Since each planepi ∨ pj ∨ pk

with 1 ≤ i < j < k ≤ r contains three maximal lines, it is a maximal plane. Likewise eachpi ∨ pj ∨ pk ∨ ph

with 1 ≤ i < j < k < h ≤ r is a maximal rank-4 flat. Therefore the linespi ∨ pj can intersect only in
joints. In particular, the union of all linespi ∨ pj contains

(

r
2

)

g + r points. Thus, every point ofM is on some
maximal linepi ∨ pj . It follows that each submaximal line is in a maximal planepi ∨ pj ∨ pk. Since each
maximal plane contains at mostg2 submaximal lines, and there are

(

r
3

)

g2 submaximal lines, each maximal
plane contains exactlyg2 submaximal lines. From these conclusions, it is immediate that axioms (D1)–(D3)
of Proposition 3.1 hold, proving thatM is a Dowling lattice. �

4. TUTTE POLYNOMIALS

In this section we apply the results in Sections 2 and 3 to investigate the extent to which affine geometries
and Dowling lattices are characterized by their Tutte polynomials. We recall the essential background on Tutte
polynomials; for more information, see [6, 7].
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TheTutte polynomialis defined for a matroidM on the setS by:

t(M ;x, y) =
∑

X : X⊆S

(x − 1)r(M)−r(X)(y − 1)|X|−r(X).

From t(M ;x, y), one knows much aboutM , including the number of points, the rank, and whetherM is
connected. Certain other data, such as the number of copoints, cannot, in general, be determined from the Tutte
polynomial (see Example 4.5 in [6]). While non-isomorphic matroids may have the same Tutte polynomial,
certain matroidsM have the property thatM is the only matroid with Tutte polynomialt(M ;x, y). For
instance, ift(M ;x, y) = t(PG(r − 1, q);x, y), thenM is a projective geometry of rankr and orderq, so if
r > 3, thenM is isomorphic toPG(r − 1, q). This follows from results on perfect matroid designs in thefifth
section of [6]. Alternatively one can argue that ift(M ;x, y) = t(PG(r − 1, q);x, y), thenM is a geometry,
all lines inM haveq + 1 points, andM has(qr − 1)/(q − 1) points, so Theorem 2.2 applies.

The characteristic polynomial, which plays a prominent role in many enumerative questions(see [7]), is
related to the Tutte polynomial by

χ(M ;x) = (−1)r(M)t(M ; 1 − x, 0).

The Tutte polynomial can be expressed in terms of characteristic polynomials via theweighted characteristic
polynomialof a matroidM :

χ(M ;x, y) =
∑

X

x|X|χ(M/X; y)

whereM/X is the contraction ofM by the flatX (see [4]). (Note that the sum could also be taken over all
setsX, rather than just flatsX, since the characteristic polynomial of a matroid with loops is zero.) In terms
of the weighted characteristic polynomial, the Tutte polynomial is given by

t(M ;x, y) =
1

(y − 1)r(M)
χ(M ; y, (x − 1)(y − 1)).

Thus for a matroidM on the setS, if one knows the characteristic polynomial of each upper interval[X,S] in
the lattice of flats as well as the cardinality ofX, then one can compute the Tutte polynomial ofM .

Dowling [8] proved that the characteristic polynomial ofQr(G) is given by

χ(Qr(G);x) =

r−1
∏

i=0

(x − i|G| − 1).

Thus, the characteristic polynomial ofQr(G) depends only upon the rankr and the order|G| of G. Dowling
([8, Theorem 2]) showed that the contractionQr(G)/X of Qr(G) by a flatX is isomorphic toQi(G), where
i is the rank ofQr(G)/X. It follows that the characteristic polynomial of the contractionQr(G)/X by a flat
X depends only upon|G|, r, and the rank ofX. From the description of the flats in [8], it is immediate that
the number of flats of each ranki and cardinalityj also depends only upon|G|, r, i, andj. Combining these
results, we get the following proposition.

Proposition 4.1. If |G| = |G′|, thenχ(Qr(G);x, y) = χ(Qr(G
′);x, y), sot(Qr(G);x, y) = t(Qr(G

′);x, y).

A considerably stronger form of the following result appears as Proposition 5.9 in [6] (in particular, see the
discussion beginning on p. 195 of [6]).

Proposition 4.2. For a rank-r matroidM and any integeri with 0 ≤ i ≤ r, let ci be the largest cardinality
among rank-i flats ofM . Then for eachi with 1 ≤ i ≤ r and eachj with ci−1 < j ≤ ci, we can express the
number of flats ofM having ranki and cardinalityj as a linear combination of the coefficients of the Tutte
polynomial.

Thus, the validity of all hypotheses in Theorems 2.4, 3.2, and 3.4 can be deduced from the Tutte polynomials
t(AG(r − 1, q);x, y), t(Πr+1;x, y), andt(Qr(G);x, y) respectively. This gives the following corollary.
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Corollary 4.3. If t(M ;x, y) = t(AG(r − 1, q);x, y), thenM is an affine geometry of rankr and orderq.
Thus, ifr > 3, thenM is isomorphic toAG(r − 1, q).

If t(M ;x, y) = t(Πr+1;x, y), thenM is isomorphic toΠr+1.
If t(M ;x, y) = t(Qr(G);x, y), thenM is a Dowling latticeQr(G

′) for some group (or quasigroup, if
r = 3) G′ of order |G|. Thus, if|G| is a primep andr > 3, thenM is isomorphic toQr(Zp) whereZp is the
cyclic group of orderp.

Proposition 4.1 shows that no more can be said aboutG′ in the third case.

5. MATROID RECONSTRUCTION

There are several matroid problems analogous to the graph reconstruction problems (see [5, 12] and the
references given there). We are concerned with reconstruction from hyperplanes. Thedeck of hyperplanesof a
matroidM is the multiset of its unlabeled hyperplanes. That is, for each isomorphism typeH of rankr(M)−1,
we know how many hyperplanes ofM are isomorphic toH. A matroidM is hyperplane reconstructibleif any
matroid with the same deck of hyperplanes asM is isomorphic toM .

It is immediate that projective geometries of rank greater than three are hyperplane reconstructible since
from the deck of hyperplanes, we can deduce the number of points and the number of copoints, and that there
are no trivial lines. Projective planes of orderq are hyperplane reconstructible if and only if there is a unique
projective plane of orderq.

Brylawski [5] has shown that the Tutte polynomial of a matroid can be reconstructed from the deck of
hyperplanes. From this and Corollary 4.3, we get the following corollary.

Corollary 5.1. If r > 3, thenAG(r − 1, q) andQr(G) are hyperplane reconstructible. The partition lattice
Πr+1 is hyperplane reconstructible for all ranksr > 1.

Proof. The results for affine geometries and partition lattices areclear. LetM be a matroid of rank greater than
three with the same deck of hyperplanes asQr(G). From Brylawski’s result, we know the Tutte polynomial of
M , and from Corollary 4.3 we therefore know thatM is a Dowling lattice. Since forr > 3, the only Dowling
lattice having a hyperplane isomorphic toQr−1(G) is Qr(G), the result follows. �

Acknowledgement: Theorem 2.6 was suggested by one of the referees; it weakens the hypotheses of a theorem
from the original version of the paper.
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