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ABSTRACT. We show that the simple matroidPG(n−1, q)\PG(k−1, q), for n ≥ 4 and1 ≤ k ≤ n−2,
is characterized by a variety of numerical and polynomial invariants. In particular, any matroid that has the
same Tutte polynomial asPG(n − 1, q)\PG(k − 1, q) is isomorphic toPG(n − 1, q)\PG(k − 1, q).

In Memory of Rodica Simion

1. INTRODUCTION

The present paper is motivated in part by Turán’s theorem [13], a simple corollary about chromatic
polynomials, and the Bose-Burton theorem [3].

Recall that the Tuŕan graphTr−1(n) is the complete(r − 1)-partite graph onn vertices in which each
of ther − 1 classes has either⌊n/(r − 1)⌋ or ⌈n/(r − 1)⌉ vertices. The number of edges inTr−1(n) is
denotedtr−1(n). Turán’s theorem, Theorem 1.1, gives a sharp upper bound on the number of edges in
graphs onn vertices that have no completer-vertex subgraph.

Theorem 1.1. The greatest number of edges in any graph onn vertices that has no subgraph isomorphic
to Kr is tr−1(n). Furthermore,Tr−1(n) is the only such graph that hastr−1(n) edges.

Note that if the chromatic polynomialχ(Γ;λ) of a simple graphΓ is equal toχ(Tr−1(n);λ), it follows
thatΓ hasn vertices,tr−1(n) edges, and (since the chromatic number isr − 1) no subgraph isomorphic
to Kr. Thus, one corollary of Turán’s theorem is that the Turán graphTr−1(n) is characterized, within
the class of simple graphs, by its chromatic polynomial in the following sense.

Corollary 1.1. If Γ is a simple graph withχ(Γ;λ) = χ(Tr−1(n);λ), thenΓ is isomorphic toTr−1(n).

The Bose-Burton theorem, Theorem 1.2, is a matroid counterpart of Tuŕan’s theorem. In this theorem,
projective geometries play the role that complete graphs play in Tuŕan’s theorem.

Theorem 1.2. Assume thatM is a subgeometry ofPG(n − 1, q) that has no subgeometry isomorphic to
PG(m − 1, q). Then the number of points inM is at most

qn − qn−m+1

q − 1
.

Also,M has(qn−qn−m+1)/(q−1) points if and only ifM is isomorphic toPG(n−1, q)\PG(n−m, q),
the deletion ofPG(n − m, q) fromPG(n − 1, q).

The goal of this paper is to prove several characterizationsof the matroidPG(n−1, q)\PG(n−m, q),
or, equivalently,PG(n − 1, q)\PG(k − 1, q). (The latter notation unclutters many expressions we will
encounter.) The matroid invariants used in these characterizations are reviewed in Section 2. Section 3
contains variations on the theme thatPG(n − 1, q)\PG(k − 1, q) is characterized, within the class of
simple matroids that are representable overGF(q), by its characteristic polynomial. In Section 4, we
prove thatPG(n − 1, q)\PG(k − 1, q) is characterized by numerical information about the flats ofranks
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FIGURE 1. Two matroids that have the same Tutte polynomial.

n − 1, n − 2, andn − k + 1. Theorem 5.1 is our main result: the geometryPG(n − 1, q)\PG(k − 1, q)
is characterized, within the class ofall matroids, by its Tutte polynomial. In Section 6, we show that
PG(n − 1, q)\PG(k − 1, q) is hyperplane reconstructible and deletion reconstructible.

One striking feature of Theorem 5.1 is that it is rare to be able to deduce representability properties of a
matroid from the Tutte polynomial. The key to this is the following result from [1], which plays a crucial
role throughout this paper.

Proposition 1.1. For any integern with n > 3 and any prime powerq, any simple matroid of rankn that
has no minor isomorphic toU2,q+2, the(q+2)-point line, and that has at leastqn−1 points is representable
overGF(q). Any simple matroid of rank3 that has no minor isomorphic to the(q +2)-point line and that
has at leastq2 points is a restriction of some projective plane of orderq.

Proposition 1.1 plays a key role in the proofs of several earlier theorems that are generalized in the
present paper. This proposition plays an important role in the proof that the affine geometryAG(n−1, q),
for n exceeding3, is characterized by its Tutte polynomial (see Corollary 4.3, as well as Section 2, of [2]).
The proofs of the concluding results in Section 5.6 of [10] use Proposition 1.1; these results foreshadow
those we derive in Section 3.

We follow the notation and terminology for matroid theory in[12] with the following additions. An
embeddingof a matroidM , on the ground setS, into a matroidN , on the ground setT , is an injection
φ : S → T such that the mapφ : S → φ(S) is an isomorphism ofM onto the restrictionN |φ(S).
In a matroid of rankn, flats that have rankn − 1 are calledcopoints(or hyperplanes) and flats that
have rankn − 2 are calledcolines. We refer to simple matroids asgeometries(short for combinatorial
geometries). Restrictions of geometries are calledsubgeometries. We draw the reader’s attention to the
fact that, consistent with [12], we use the term point for a rank-1 flat of a matroid; thus, a matroid has
fewer points than elements unless it is simple.

2. MATROID INVARIANTS

Several matroid polynomials, and other invariants that canbe derived from them, play a key role in this
paper. In this section, we review basic facts about the Tuttepolynomial, the characteristic polynomial,
the weighted characteristic polynomial, and the critical exponent. For more information on these topics,
see [6, 7, 10].

Recall that theTutte polynomialt(M ;x, y) of a matroidM on the ground setS is given by

t(M ;x, y) =
∑

A⊆S

(x − 1)r(M)−r(A)(y − 1)|A|−r(A).
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Non-isomorphic matroids may have the same Tutte polynomial; for instance, the matroids shown in
Figure 1 have the following Tutte polynomial.

(x − 1)3 + 6(x − 1)2 + 15(x − 1) + 18 + 2(x − 1)(y − 1) + 15(y − 1) + 6(y − 1)2 + (y − 1)3

Nevertheless, from the Tutte polynomial one can determine much information about a matroid. For in-
stance, we have the following proposition, due to Brylawski, which we use in a crucial way in Section 5.
A considerably stronger form of this result appears as Proposition 5.9 in [6] (see the discussion beginning
on p. 195 of [6]).

Proposition 2.1. Let M be a rank-n matroid. For each integeri with 0 ≤ i ≤ n, let ci be the largest
cardinality among rank-i flats ofM . Then for each integeri with 1 ≤ i ≤ n and each integerj with
ci−1 < j ≤ ci, the number of flats ofM that have ranki and cardinalityj can be computed from the
Tutte polynomialt(M ;x, y).

Our main result, Theorem 5.1, asserts thatPG(n − 1, q)\PG(k − 1, q) is characterized by its Tutte
polynomial. We use the following proposition from [4] to construct examples to show that this property
need not hold for other geometries, indeed, not even for geometries that are formed by deleting relatively
few elements fromPG(n− 1, q). (The statement below follows from, but does not capture thefull power
of, Proposition 5.9 in [4].)

Proposition 2.2. Assume thatM and N are geometries that are representable overGF(q) and that
have the same Tutte polynomial. LetS andT be subsets of the ground set ofPG(n − 1, q) so that the
restrictionsPG(n − 1, q)|S and PG(n − 1, q)|T are isomorphic toM and N , respectively. Then the
deletionsPG(n − 1, q)\S andPG(n − 1, q)\T have the same Tutte polynomial.

The matroidsM and N of Figure 1 are representable over the finite fieldGF(q) for every prime
power q with q > 3. SinceM andN have the same Tutte polynomial, Proposition 2.2 implies that
if PG(n − 1, q)|S andPG(n − 1, q)|T are isomorphic toM andN , respectively, then the deletions
PG(n−1, q)\S andPG(n−1, q)\T have the same Tutte polynomial. These deletions are not isomorphic:
the two(q − 2)-point lines ofPG(n− 1, q)\S intersect in a point while those ofPG(n− 1, q)\T do not.
Thus, for every prime powerq with q > 3 and every integern with n ≥ 3, there are at least two non-
isomorphic six-element deletions ofPG(n − 1, q) that have the same Tutte polynomial.

Thecharacteristic polynomialχ(M ;λ) of M is, up to sign, a special evaluation of the Tutte polynomial
of M :

χ(M ;λ) = (−1)r(M)t(M ; 1 − λ, 0)

=
∑

X⊆S

(−1)|X|λr(M)−r(X).

Equivalently,χ(M ;λ) can be written as the sum
∑

flatsX

µ(∅,X)λr(M)−r(X),

whereµ is the Möbius function ofM . In particular, the absolute value of the coefficient ofλr(M)−1 is
the number of points ofM . It is easy to show that ifM has loops, thenχ(M ;λ) is the zero polynomial.
Also, if M has no loops, thenM and its simplification have the same characteristic polynomial.

The characteristic polynomial is the matroid counterpart of the chromatic polynomial in graph theory:
the chromatic polynomialχ(Γ;λ) of a graphΓ is λω(Γ) times the characteristic polynomialχ(M(Γ);λ)
of the cycle matroidM(Γ) of Γ, whereω(Γ) is the number of components ofΓ.

Brylawski [4] defined theweighted characteristic polynomialχ(M ;x, y) of a matroidM to be

χ(M ;x, y) =
∑

flatsF

x|F |χ(M/F ; y).
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(This sum could be taken over all subsetsF of the ground set ofM since if F is not a flat, then the
contractionM/F has loops, and soχ(M/F ; y) is 0. The weighted characteristic polynomial is, upon
switching the variables, the coboundary polynomial of [8].See also Section 6.3.F of [7], where the
notationχ(M ;x, y) is used for the coboundary polynomial.) The following formulas are well-known
and easy to prove.

t(M ;x, y) =
χ(M ; y, (x − 1)(y − 1))

(y − 1)r(M)

χ(M ;x, y) = (x − 1)r(M)t(M ;
y

x − 1
+ 1, x)

Thus, one can obtaint(M ;x, y) from χ(M ;x, y) and conversely.
Assume the geometryM is representable overGF(q). The critical exponent ofM over GF(q) is

the least positive integerc so thatqc is not a root of the characteristic polynomialχ(M ;λ). The critical
exponent derives much of its significance from the followingtheorem, which is a special case of the
fundamental theorem on critical exponents due to Crapo and Rota (see [9, Chapter 16]).

Theorem 2.1. Assume that the geometryM is representable overGF(q) and has critical exponentc over
GF(q). Letn be any integer not less than the rank ofM . For any embedding ofM in PG(n − 1, q), the
least codimension of a subspace ofPG(n − 1, q) disjoint from the image ofM is c.

Corollary 2.1 follows immediately from Theorem 2.1.

Corollary 2.1. The maximum number of points in a subgeometry ofPG(n − 1, q) that has critical expo-
nentn − k overGF(q) is

qn − qk

q − 1
.

Moreover,PG(n− 1, q)\PG(k− 1, q) is the only subgeometry ofPG(n− 1, q) that has critical exponent
n − k overGF(q) and has(qn − qk)/(q − 1) points.

3. CHARACTERIZATIONS BASED ON CHARACTERISTIC POLYNOMIALS

In this section we show that, subject to additional hypotheses, the geometryPG(n−1, q)\PG(k−1, q)
is determined by its characteristic polynomial. Theorem 5.16 in [10] includes results of this type for
projective geometries (k = 0); the discussion after Theorem 5.16 in [10] treats results of this type for
affine geometries (k = n − 1). Thus, we assume1 ≤ k ≤ n − 2.

Theorem 3.1. Assume integersn andk satisfyn ≥ 3 and1 ≤ k ≤ n − 2. LetM be a geometry that has
the same characteristic polynomial as the geometryPG(n−1, q)\PG(k−1, q) and for which each coline
is contained in at mostq + 1 copoints. Ifn > 3, thenM is isomorphic toPG(n − 1, q)\PG(k − 1, q). If
n = 3, thenM is isomorphic to a single-element deletion of some projective plane of orderq.

Proof. SinceM andPG(n− 1, q)\PG(k − 1, q) have the same characteristic polynomial, it follows that
M has(qn−qk)/(q−1) points. By the assumption that each coline is contained in atmostq+1 copoints,
together with the Scum Theorem [12, Theorem 3.3.7], it follows thatM has no minor isomorphic to the
(q + 2)-point line. Therefore by Proposition 1.1, ifn exceeds3, thenM is representable overGF(q),
while if n is 3, thenM is isomorphic to a restriction of some projective planeΠ of orderq. In the case
n = 3, note thatk must be1, soM is isomorphic to a single-element deletion ofΠ. To complete the
argument in the casen > 3, note that from the characteristic polynomial ofM we know that the critical
exponent ofM overGF(q) is n − k. The result now follows from Corollary 2.1. �

In analogy with Corollary 1.1, the geometryPG(n − 1, q)\PG(k − 1, q) is characterized, within the
class ofGF(q)-representable geometries, by its characteristic polynomial.
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Corollary 3.1. If the geometryM is representable overGF(q) and has the same characteristic polyno-
mial asPG(n − 1, q)\PG(k − 1, q), thenM is isomorphic toPG(n − 1, q)\PG(k − 1, q).

One can replace the assumption about colines in Theorem 3.1 by an assumption about characteristic
polynomials of contractions, as in the next theorem.

Theorem 3.2. Assume integersn and k satisfyn ≥ 3 and 1 ≤ k ≤ n − 2. Let G be the geometry
PG(n − 1, q)\PG(k − 1, q). Assume thatM is a geometry such thatχ(G;λ) = χ(M ;λ) and

{χ(G/Y ;λ) | Y is a coline ofG} = {χ(M/Z;λ) | Z is a coline ofM}.

If n > 3, thenM is isomorphic toPG(n − 1, q)\PG(k − 1, q). If n = 3, thenM is isomorphic to a
single-element deletion of some projective plane of orderq.

Proof. The simplification of each contractionG/Y , for Y a coline ofG, is a line withq +1 points. Thus,
the absolute value of the coefficient ofλ in χ(G/Y ;λ), and hence inχ(M/Z;λ) for any colineZ of M ,
is q + 1. It follows that each coline ofM is contained inq + 1 copoints ofM , so the result follows from
Theorem 3.1. �

4. A CHARACTERIZATION BY NUMERICAL INVARIANTS

In this section we show that a few numerical facts about flats suffice to characterize the geometry
PG(n − 1, q)\PG(k − 1, q). We start by restating the Bose-Burton theorem to reflect ourpreferred
notation.

Lemma 4.1. LetM be a subgeometry ofPG(n−1, q) with no subgeometry isomorphic toPG(n−k, q).
There are at most(qn − qk)/(q − 1) points inM . Furthermore,M has(qn − qk)/(q − 1) points if and
only if M is isomorphic toPG(n − 1, q)\PG(k − 1, q).

We turn to a numerical characterization ofPG(n − 1, q)\PG(k − 1, q). In Theorem 4.1, we assume
0 < k < n− 2. Section 2 of [2] treats similar results for projective and affine geometries (the casesk = 0
andk = n− 1). The casek = n− 2 would require assumptions beyond the strictly numerical hypotheses
of the theorem as stated.

Theorem 4.1. Assume integersn andk satisfyn ≥ 4 and1 ≤ k ≤ n − 3, and thatM is a geometry of
rankn that satisfies the following conditions.

(i) The geometryM has(qn − qk)/(q − 1) points.
(ii) No rank-(n − k + 1) flat ofM contains(qn−k+1 − 1)/(q − 1) points.

(iii) All copoints ofM contain either

qn−1 − qk

q − 1
or

qn−1 − qk−1

q − 1

points.
(iv) All colines ofM contain either

qn−2 − qk

q − 1
,

qn−2 − qk−1

q − 1
,

or, if k > 1,
qn−2 − qk−2

q − 1

points.

ThenM is isomorphic toPG(n − 1, q)\PG(k − 1, q).
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Proof. Note that it suffices to show thatM has no minor isomorphic toU2,q+2. Indeed, assumption (i)
and the deduction thatM has no minor isomorphic to the(q+2)-point line imply, by Proposition 1.1, that
M is isomorphic to a subgeometry ofPG(n− 1, q). Assumption (ii) implies thatM has no subgeometry
isomorphic toPG(n − k, q), so the desired conclusion now follows from Lemma 4.1.

Thus, we want to show thatM has no minor isomorphic toU2,q+2, or, equivalently, that each coline of
M is contained in at mostq + 1 copoints ofM . Since copoints have at least(qn−1 − qk)/(q − 1) points,
and so at least(qn−1−qk)/(q−1)−|C| points not contained in a given colineC, a colineC is contained
in at mostq + 1 copoints whenever the inequality

(1) |C| + (q + 2)

(

qn−1 − qk

q − 1
− |C|

)

>
qn − qk

q − 1

holds. Simple calculations show that fork in the range1 ≤ k ≤ n− 3, inequality (1) holds for all colines
that have either(qn−2 − qk)/(q − 1) or (qn−2 − qk−1)/(q − 1) points; inequality (1) holds for colines
that have(qn−2 − qk−2)/(q − 1) points ifk < n− 3 or q > 2. In the sole remaining case,k = n− 3 and
q = 2, the colines of interest contain2n−2 − 2n−5 elements. If such a coline is contained inα copoints
that have2n−1 − 2n−4 elements and inβ copoints that have2n−1 − 2n−3 elements, we get the equation

2n − 2n−3 = 2n−2 − 2n−5+α
(

(2n−1 − 2n−4) − (2n−2 − 2n−5)
)

+β
(

(2n−1 − 2n−3) − (2n−2 − 2n−5)
)

.

Dividing each term by2n−5 and simplifying yields21 = 7α + 5β. Thus, the only solution isα = 3
andβ = 0, so a coline that contains2n−2 − 2n−5 elements is contained in at most three copoints, as
desired. �

5. THE CHARACTERIZATION BY THE TUTTE POLYNOMIAL

In this section we show that, forn > 3, any matroid that has the same Tutte polynomial as the geometry
PG(n−1, q)\PG(k−1, q) is isomorphic toPG(n−1, q)\PG(k−1, q); this is extended, as in Section 3, to
the casen = 3. This was proven for projective and affine geometries in [2],so we assume1 ≤ k ≤ n−2.
Recall that Theorem 5.1 stands in contrast to the examples that follow Proposition 2.2 above.

Theorem 5.1. Assume integersn andk satisfyn ≥ 3 and1 ≤ k ≤ n − 2. Assume thatM is a matroid
that has the same Tutte polynomial as the geometryPG(n − 1, q)\PG(k − 1, q). If n ≥ 4, thenM
is isomorphic toPG(n − 1, q)\PG(k − 1, q). If n = 3, thenM is isomorphic to some single-element
deletion of some projective plane of orderq.

Proof. To prove this result, we show that fork ≤ n − 3, the hypotheses of Theorem 4.1 can be verified
from the Tutte polynomial ofM , while for k = n − 2, the hypotheses of Theorem 3.1 can be verified
from this Tutte polynomial.

SinceM has the same Tutte polynomial asPG(n − 1, q)\PG(k − 1, q), and both the number of
elements and the number of points can be computed fromt(M ;x, y), it follows thatM is simple, that
is, M is a geometry. Since all rank-1 flats of M are singletons, Proposition 2.1 allows us to find the
cardinalities of lines: all lines ofM have eitherq or q + 1 points.

We now show that forq > 2, we can compute the ranks and cardinalities of all flats ofM from
t(M ;x, y). For this, by Proposition 2.1, it suffices to show that for each ranki, the number of elements in
any flat of ranki exceeds that in any flat of ranki − 1. We induct oni. The casesi = 1 andi = 2 were
addressed in the previous paragraph. By the induction hypothesis, we know, in particular, that each flat of
ranki− 1 has betweenqi−2 and(qi−1 − 1)/(q − 1) elements. LetF be a flat of ranki, let F ′ be a flat of
rank i − 1 that is contained inF , and letx be a point inF − F ′. Since the lines cl({x, y}), asy ranges
over the|F ′| points ofF ′, each contain at leastq − 1 points apart from the common pointx, we get the
inequality|F | ≥ (q − 1)|F ′| + 1. Since|F ′| ≥ qi−2, we have|F | ≥ (q − 1)qi−2 + 1. Sinceq > 2, we
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have(q − 1)qi−2 + 1 > (qi−1 − 1)/(q − 1). Thus,F has more elements than any flat of ranki − 1, as
desired.

Thus, forq > 2 we can compute the cardinality and rank of each flat ofM from t(M ;x, y). Since
M andPG(n − 1, q)\PG(k − 1, q) have the same Tutte polynomial, it follows that we can verifythe
hypotheses of Theorem 4.1. This completes the proof in the caseq > 2 andk < n − 2.

We will show that, as forq > 2, in the caseq = 2 we can compute the rank and cardinality of each
flat of M from t(M ;x, y). Again by Theorem 4.1, this will complete the proof in the case q = 2 and
k < n − 2. The key step, which we address next, is to find the isomorphism types of the planes ofM .
In addition to giving the cardinality of each plane ofM , this will allow us to deduce the cardinalities
of all flats ofM of higher rank; this will be accomplished with an inductive argument akin to that two
paragraphs above, with planes now playing the role lines played before.

We start by collecting the information about flats of low rankthat can be deduced from Proposition 2.1.
As is true ofPG(n−1, 2)\PG(k−1, 2), the geometryM has2n−2k points. There are(2n−2k)(2k−1)/2
lines that contain two points and(2n − 2k)(2n − 2k+1)/(3 · 2) lines that contain three points; there are no
other lines ofM . The numbersN4, N6, andN7 of 4-, 6-, and7-point planes ofM , respectively, are given
as follows.

N4 =
(2k − 1)(2k − 2)(2n − 2k)

3 · 2 · 4
(2)

N6 =
(2k − 1)(2n − 2k)(2n − 2k+1)

6 · 4
(3)

N7 =
(2n − 2k)(2n − 2k+1)(2n − 2k+2)

7 · 6 · 4
(4)

There are no5-point planes inM . We cannot deduce the number of3-point planes directly from Proposi-
tion 2.1.

We first deduce that all6-point planes ofM are isomorphic toM(K4), the cycle matroid of the com-
plete graph on four vertices, and that all7-point planes are isomorphic toPG(2, 2). Let p1, p2, . . . , pt be
the points ofM , wheret = 2n − 2k. Let ai be the number of3-point lines ofM that contain the pointpi.
Thus,

(5)
t
∑

i=1

ai =
(2n − 2k)(2n − 2k+1)

2

since this is three times the number of3-point lines. Letci be the number of6-point planes ofM that
containpi and that contain two3-point lines throughpi. Thus,

(6)
t
∑

i=1

ci ≤ 6 · N6

with equality if and only if every point in every6-point plane is on two3-point lines in the plane, that is,
if and only if every6-point plane is isomorphic toM(K4). Let di be the number of7-point planes ofM
that containpi and that contain three3-point lines throughpi. Thus,

(7)
t
∑

i=1

di ≤ 7 · N7

with equality if and only if every point in every7-point plane is on three3-point lines in the plane, i.e., if
and only if every7-point plane is isomorphic toPG(2, 2). Finally, letei be the number of7-point planes
that containpi and that contain exactly two3-point lines throughpi. (There may be other6- or 7-point
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planes that containpi.) Now
∑t

i=1(di + ei) ≤ 7 · N7, so

(8)
t
∑

i=1

di ≤ 7 · N7 −
t
∑

i=1

ei.

Note that we have
(

ai

2

)

= ci + 3di + ei

since the planes counted bydi give rise to three pairs of3-point lines throughpi, while those counted by
ci andei give rise to only one pair of3-point lines throughpi. Since

(

ai

2

)

= a2
i /2 − ai/2, we get

t
∑

i=1

a2
i = 2

t
∑

i=1

(ci + 3di + ei) +
t
∑

i=1

ai.

By using inequalities (6) and (8), together with equation (5), we get
t
∑

i=1

a2
i ≤ 12 · N6 + 2 · 3

(

7 · N7 −
t
∑

i=1

ei

)

+ 2

( t
∑

i=1

ei

)

+
(2n − 2k)(2n − 2k+1)

2
,

or
t
∑

i=1

a2
i ≤ 12 · N6 + 42 · N7 − 4

( t
∑

i=1

ei

)

+
(2n − 2k)(2n − 2k+1)

2
.

A calculation using equations (3) and (4) reduces the last inequality to the following inequality.

(9)
t
∑

i=1

a2
i ≤

(2n − 2k)(2n − 2k+1)2

4
− 4

( t
∑

i=1

ei

)

By the Cauchy-Schwarz inequality, we have

1

t

(

t
∑

i=1

ai

)2

≤
t
∑

i=1

a2
i .

Using this inequality, equation (5), and the fact thatt is 2n − 2k, we get

(10)
(2n − 2k)(2n − 2k+1)2

4
≤

t
∑

i=1

a2
i .

By comparing inequalities (9) and (10), we deduce that
∑

ei is zero, so allei are zero. Furthermore,
equality must hold in inequality (9), and hence in inequalities (6) and (7). Thus, as claimed, all6-point
planes ofM are isomorphic toM(K4) and all7-point planes ofM are isomorphic toPG(2, 2).

We next deduce that all4-point planes ofM are isomorphic to the uniform matroidU3,4, that is, to
AG(2, 2). Let ℓ1, ℓ2, . . . , ℓs be the3-point lines ofM , sos = (2n − 2k)(2n − 2k+1)/(3 · 2). Assume
that the lineℓi is in fi planes that have four points,gi planes that have six points, andhi planes that have
seven points. To show that all4-point planes ofM are isomorphic toAG(2, 2), it suffices to show that
f1, f2, . . . , fs are zero. The4-, 6-, and7-point planes that containℓi partition the points ofM\ℓi into sets
of size one, three, and four, respectively, so

fi + 3gi + 4hi = 2n − 2k − 3.

Therefore

(11)
s
∑

i=1

(fi + 3gi + 4hi) =
(2n − 2k)(2n − 2k+1)

3 · 2
(2n − 2k − 3).



R. Ankney and J. Bonin, Characterizations ofPG(n − 1, q)\PG(k − 1, q), Adv. Appl. Math.28 (2002) 287–301. 9

All 6-point planes ofM are isomorphic toM(K4), which has four3-point lines, so
∑

gi = 4 · N6;
similarly, since all7-point planes ofM are isomorphic toPG(2, 2), which has seven3-point lines, we
have

∑

hi = 7 · N7. Using these sums and equations (3) and (4), one can evaluatethe second and third
terms on the left side of equation (11); from this calculation, it follows that

∑

fi is zero, so allfi are zero.
This completes the proof that all4-point planes ofM are isomorphic toAG(2, 2).

Since there are2n − 2k points inM and(2n − 2k)(2n − 2k+1)/(3 · 2) lines that have three points,
there are

(

2n − 2k

3

)

−
(2n − 2k)(2n − 2k+1)

3 · 2

three-element independent sets inM . By what we know about4-, 6-, and7-point planes, the number of
three-element independent sets inM is also4 · N4 + 16 · N6 + 28 · N7 plus the number of three-point
planes ofM . A simple calculation using equations (2)–(4) gives the equality

(

2n − 2k

3

)

−
(2n − 2k)(2n − 2k+1)

3 · 2
= 4 · N4 + 16 · N6 + 28 · N7.

It follows thatM has no three-point planes.
We have deduced, fromt(M ;x, y), the isomorphism type of each plane ofM . We next show that we

can compute the rank and cardinality of each flat ofM from t(M ;x, y). For this, by Proposition 2.1, it
suffices to show that for each ranki, the number of elements in any flat of ranki exceeds that in any flat
of rank i − 1. We induct oni. The casesi ≤ 3 have been established. By the induction hypothesis, we
know, in particular, that each flat of ranki − 1 has between2i−2 and2i−1 − 1 elements. LetF be a flat
of ranki, let F ′ be a flat of ranki − 1 that is contained inF , and letx be a point inF − F ′. If each line
cl({x, y}), for y ∈ F ′, contains three points, then we have

|F | ≥ 1 + 2|F ′| ≥ 1 + 2 · 2i−2,

soF contains more points than any flat of ranki − 1, as desired. Thus, we may assume thaty is a point
of F ′ for which the line cl({x, y}) contains just two points. Let the numbers of2- and3-point lines inF ′

that containy beα andβ, respectively. Thus,|F ′| = 1 + α + 2β. Since cl({x, y}) is a2-point line, it
follows from the structure of the planes ofM that if ℓ is a2-point line ofF ′ that containsy, then the plane
cl(ℓ∪{x}) is isomorphic toAG(2, 2), and so contains two points not in the line cl({x, y}). Likewise, ifℓ
is a3-point line ofF ′ that containsy, then the plane cl(ℓ∪{x}) is isomorphic toM(K4), and so contains
four points not in the line cl({x, y}). Thus,|F | ≥ 2 + 2α + 4β. Sinceα + 2β = |F ′| − 1 ≥ 2i−2 − 1,
we get the inequality|F | ≥ 2i−1, so, as needed,F contains more points than any flat of ranki − 1. As
observed earlier, this completes the proof of the theorem inthe caseq = 2 andk < n − 2.

We now address the casek = n−2 for all q. In this case, colines contain eitherqn−3 or qn−3+qn−4 el-
ements. Since no flats other than colines have these cardinalities, the coefficients ofxqn−3

andxqn−3+qn−4

in the weighted characteristic polynomial ofM are the sums of the characteristic polynomials of the con-
tractions ofM by colines that containqn−3 andqn−3 + qn−4 elements, respectively. SinceM has the
same weighted characteristic polynomial asPG(n− 1, q)\PG(n− 3, q), we know these sums of charac-
teristic polynomials. In particular, since each coline ofPG(n−1, q)\PG(n−3, q) is contained in exactly
q + 1 copoints, it follows that the coefficients ofxqn−3

y andxqn−3+qn−4

y in the weighted characteristic
polynomial ofPG(n−1, q)\PG(n−3, q), and therefore in the weighted characteristic polynomial of M ,
areq + 1 times the number of colines that haveqn−3 andqn−3 + qn−4 points, respectively. In effect, we
know that the average number of copoints ofM that contain a given coline ofM is q + 1. Therefore to
show that each coline ofM is contained in at mostq + 1 copoints, it suffices to show that each coline of
M is contained in at leastq + 1 copoints. This is what we address next.
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Assume that a coline that hasqn−3 elements is contained inα copoints that containqn−2 + qn−3

elements and inβ copoints that containqn−2 elements. Our assumptions lead to the equation

(12) qn−1 + qn−2 = qn−3 + α
(

(qn−2 + qn−3) − qn−3
)

+ β
(

qn−2 − qn−3
)

.

Dividing each term byqn−3 and simplifying yields

(13) q2 + q = 1 + αq + β(q − 1).

We want to show thatα + β is at leastq + 1. The minimum value ofα + β occurs whenα is as large as
possible andβ is as small as possible. There is no solution withβ = 0; however,β = 1 gives the solution
α = q. Since this solution minimizesα + β, all solutionsα, β satisfy the inequalityα + β ≥ q + 1, as
desired. The same type of argument, starting with a coline that containsqn−3 + qn−4 elements, leads to
the following equation in place of equation (12).

qn−1 + qn−2 = qn−3 + qn−4+ α
(

(qn−2 + qn−3) − (qn−3 + qn−4)
)

+ β
(

qn−2 − (qn−3 + qn−4)
)

Similarly, we get the following equation in place of equation (13).

q3 + q2 = q + 1 + α(q2 − 1) + β(q2 − q − 1)

The solution withα + β minimal isβ = 0 andα = q + 1, so the inequalityα + β ≥ q + 1 holds for all
solutions, as desired.

Since each coline ofM is contained in at mostq + 1 hyperplanes ofM , and sinceM has the same
characteristic polynomial as the geometryPG(n − 1, q)\PG(n − 3, q), the result follows from Theo-
rem 3.1. �

6. AN APPLICATION TO MATROID RECONSTRUCTION

Matroid counterparts of graph reconstruction problems have proven to be of interest (see [5, 11] and
the references there). We are concerned with reconstruction from hyperplanes and from single-element
deletions. Thedeck of hyperplanesof a matroidM is the multiset of unlabeled hyperplanes. That is,
for each isomorphism typeH of rank r(M) − 1, we know the number of hyperplanes ofM that are
isomorphic toH. A matroidM is hyperplane reconstructibleif any matroid that has the same deck of
hyperplanes asM is isomorphic toM . Similarly, thedeck of single-element deletionsof a matroidM is
the multiset of unlabeled single-element deletions. A matroid M is deletion reconstructibleif any matroid
that has the same deck of single-element deletions asM is isomorphic toM . Matroids that are hyperplane
reconstructible are also deletion reconstructible (see [11]). Projective and affine geometries of rank four
or more are known to be hyperplane reconstructible, as are the cycle matroids of complete graphs, and,
more generally, Dowling lattices of rank four or more (see [2]). Brylawski [5] showed that the Tutte
polynomial of a matroid can be computed from the deck of hyperplanes. From this and Theorem 5.1, we
get the following corollary.

Corollary 6.1. The geometryPG(n−1, q)\PG(k−1, q) is both hyperplane reconstructible and deletion
reconstructible ifn > 3 and1 ≤ k ≤ n − 2.
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